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Contents. — 1. Polarization energy loss and Cerenkov radiation 
in dielectrics and magnetics. — 2. The penetration of a charged particle 
through electronic plasma. — 3. The Cerenkov and the Doppler effects 
in composite systems. — 4. The interactions of a beam of charged 
particles with slow electromagnetic waves. — 5. The propagation of a 
beam of charged particles through electronic plasma. — 6. The longitu- 
dinal plasma oscillators in external fields. — 7. The scattering of the 
electromagnetic waves by the plasma oscillations. — 8. The non-linear 
wave motions in plasma. 


The aim of the present article is to give a short survey of the results of 
several works on the theory of the interaction of charged particles with électro- 
magnetic waves in dielectrics, magnetics, composite waveguides and electronic 
plasma, as well as on the theory of oscillations of free electronic plasma and 
of plasma in external fields. ; 

We begin with considering the general question about the polarization 
energy loss and the Cerenkov radiation in homogeneous dielectrics and 
magnetics. 


1. — Polarization Energy Loss and Gerenkov Radiation in Dielectrics and 
Magneties. 


«The energy loss of a charged particle moving in a dielectric and in a mag- 
netic due to «far» collisions, consists as shown by FERMI [2], of the pola- 
rization loss and the loss due to Cerenkov radiation, the theory of which 
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was given by TAMM and FRANK [1] (*). The simplest way to determine these 
losses is to compute, according to LANDAU (+), the work (per unit path) of 
the force, which the field of the moving charge exerts on the charge itself. 

Let us consider, at first, a uniform motion of a charge q in an isotropic 
medium characterized by a dielectric constant e(m) and a magnetic permea- 
bility u(0). Using Maxwell’s equations in which the current density and the 
charge density are equal to j = qvuò(r— vt), o = qd(r— vt) (v is the velo- 
city of the charge) and developing the field in Fourier integral, it is easy to 
show that the energy loss at the «far» collisions is equal to 


(1) -(5) LEE i, [ea] a (@) — (1/B°e(@ ee 


de v + (w?/v?)[1 — B2e(w)u(@)] 


where f = v/c. This expression diverges, if 7 + co, this fact being connected 
with the unapplicability at short distances of the macroscopical approach. 
Therefore, one must integrate here up to a certain maximum value ,. It 
is necessary to add to (1) the energy loss due to pair collisions. Consequently, 
we obtain the formula (1), in which x, has the value [4] 


2 
ut if pe 
e h 
(2) LAM mo e 
| ste, if v>F, 
As e(—@) = e*(@) and u— ©) = w*(), the integration over @ gives: 
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In the case of an optically transparent medium, i.e. at infinitely small atte- 
nuation, this formula is reduced to [6] 


dee 20 mo), a 1 
4)  —3=5 > Res j— n1123 —i += reni 
(4) de wv > es laa ma +5 fato) | FR do, 
p°n?>1 
where n(@ =Ve(0)u(0) u(@) is the index of refraction, and @; are the positive 


real roots n the Meo e(@) = 0. 
The second term is here the loss due to Cerenkov radiation. Indeed, 


(*) The quantum mechanical theory of the Cerenkov effect is given by V. Ginz- 
BURG [5]. 
(+) See appendix to the Russian translation of N. Bonr’s book [3]. 
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substituting in the dispersion equation of the medium (w?/c?)n?(@) = k® (k is 
the wave vector), x?-++(w?/v?) for k? (x is the component of k perpendicular 
to the velocity), we obtain 6?n?— 1 = (#?v?/m?) i.e. the propagating waves 
satisfy the condition f?n? > 1 fulfilled in the second term. Hence we conclude 
that the first term in (4) is the polarisation loss and the loss due to pair col- 
lisions. Notice that this term does not include u(@). 
Let us determine now the energy loss at the «far » collisions of a part- 

icle moving in an anisotropic dielectric (*). 

Supposing for simplicity that u = 1, and that the medium possesses axial 
symmetry, we obtain the following expression for the energy loss of a part- 
icle moving along the axis of symmetry [10]: 


de ig [" 5, [__ 1 —C/Bedjodo 
(5) saro 


where e, and e, are the principal values of the tensor of dielectric constants. 
If ¢,(m) and e,(0) have no common zeroes, we obtain after integration 


6 de _d° 1 1 
(0) nia) ete 


where one must integrate over the region 


dm 


GENO. CAG 
moi HO) core (0) —1] > 0. 
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(7) 


For the investigation of the character of the energy loss in an anisotropic 
dielectric, let us consider the dispersion equation of this medium 


where k, is the component of the wave vector parallel to the direction of 
motion, obviously equal to k, = w/v. The condition of the possibility of wave 
propagation, being simultaneously the condition of Cerenkov radiation, has 
the form (e,/e,)(B?e, —1) > 0. Thus, in a transparent (with infinitely small at- 
tenuation) anisotropic dielectric the total energy loss is completely reduced 
to the loss due to the Cerenkov radiation [10]. 


(*) The works [7-9] are dedicated to the theory of Gerenkov radiation in aniso- 
tropic media. 
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Let us consider the limit transition from an anisotropic to an isotropic — 
dielectric. The region of frequencies, in which e, and e, have different signs, 
tends to a point at the transition to the isotropic case. The frequency, for 
which ¢=0, does not satisfy the condition of propagation, and, therefore, 
the corresponding term determines the polarization energy loss [8]. 

The boundary of the bands of Cerenkov radiation does not depend on the 
indefinite magnitude #,, though the condition of Cerenkov radiation ine- 
ludes it. Indeed, one must take into consideration the left part of the in- 
equality (7) only for those frequencies, for which e, is small enough. But then 
the imaginary part of ¢,, i.e. the wave attenuation, must be taken into account. 
This attenuation cuts off the spectrum of the radiated frequencies, and, there- 
fore, the boundaries of the bands of Cerenkov radiation are approximately 
determined from the condition Im ¢,(w) Re «,(@) [10]. 

Notice that in the case of an anisotropic dielectric the value of the velocity 
of the particle may tend to zero, while in the isotropic case this is impos- 
sible. If 8 >0, the Cerenkov energy loss is determined by the formula [10] 


Gl OP (DI ve È 
E E 
de 7 Oyen ? € 


(3) 


The energy loss of a particle moving in an optically active anisotropic 
medium with the dielectric constant tensor 


is determined by the following formula [11] (*) 
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(*) See also [12]. 
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are the values of the refraction indexes in the directions corresponding to 
the maxima of Cerenkov radiation. In the first two terms the integration 
is performed over the region defined by the inequalities x7,c?/@? > nî,f*>1 
and in the third term the summation is performed over the frequencies ©; 
for which ¢,, €, and ¢; become zero simultaneously. 


2. — The Penetration of a Charged Particle Through Electronic Plasma. 


Let us consider now the interaction of a charged parcicle with electronic 
plasma. Let a charge gq move uniformly with the velocity v through the 
plasma, the state of which is described by the distribution function Fir, u, t) 
(u is the velocity of electrons of the plasma). In the case of the high frequency 
oscillations of the plasma, the collisions of electrons with ions and with one 
another may not be taken into account, and we may base upon the following 
kinetic equation [13, 14]. 


; OF CA IC A OOO 
(10) WE a (E i lu) doro 


where E and H are the selfconsistent electric and magnetic fields acting in 
the plasma. Supposing that the distribution function differs little from Max- 
well’s function fo = no(m/2raT) exp [ e/T] (» is the equilibrium density of 
electrons, 7 is the temperature in ergs, e is the energy of one electron), we 
obtain the following linearized system of equations for the field E and the 
deviation f of the distribution function from Maxwell’s function (itis supposed 
that rot H= 0) 


i Roe ile 
| bel: Per E du L 
(11) 2 


| div E = Ane | du + 4g 0(r — vi). 


One can show that the Fourier component of the electric field E, is equal 


(1) E,= i a(e- 20) 


where © = kv, a = VT dane? (Debye’s radius), = V(3/2)(0/ks), s = V3T/m 
(the mean thermal velocity of the electrons of the plasma), and 


(oe) 
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(12) w(2) = a V.p. J Z Ce l 7 9°] dy — iva exp [— 2°] 
= <a 


_ o 


596 A. AHIEZER 


The energy loss due to «far» collisions is equal [15] 


Gm *8(0/8) 
de OPQ fi w(z) edz 
130, Re eee : dk = 
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where Q = V 4ane?/m. The energy loss due to pair collisions must be added 
to this expression. Such addition is equivalent to the choice of x, accord- 
ing to (2). 

In the limiting case v >s we obtain a formula similar to Bohr’s one: 


(14) pe. 


dell Aa] SRIMEDANSRE =) 
(it is supposed that v < eq/h). 

Notice that the first term in (14) may be obtained from the general for- 
mula for polarization energy loss in a dielectric if we assume that e=1 — (Q/a)?. 
Thus, at sufficiently low temperatures (s< v) it is possible to consider a plasma 
as a dielectric. 


To 
de (6 VQ? VS 
4' —|{—| =]/- vIn =. 
as) Gale 


Notice that in the limiting cases v >s and v< s the interaction of a part- 
icle with a transversal field is essentially less than with a longitudinal field. 

Let us quote now some more formulae for the energy loss of a particle 
moving through plasma in an external magnetic field H,(H,|v) (*). 

If w, = ¢H,/mc< 2 and v>s 


de CE an 0? OE 
(15) Ge me {in qe ot. 
If o > QA — f?)-* and o>s 
de TAC xv? 
iy! == |= )) = Ti ere ail 
ak (i), 20? Lo —B*) 


Thus, an external magnetic field lessens the energy loss of a particle. 


(*) These formulae are obtained by I. FarnBeRG. A. SireNKO, C. SrePANOV and 
the author. 
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3. — The Cerenkov and the Doppler Effects in Composite Systems. 


The Cerenkov radiation may take place, as pointed out by L. MANDEL- 
STAMM, not only in the case of a particle moving in a continuous dielectric, but 
also in the case of a particle moving close by its boundary. The theory of 
the Cerenkov radiation of a charge moving in a canal through a dielectric was 
given by V. GrnzBurG and I. FRANCK. 

It is worth noticing that for the Cerenkov radiation the dielectric constant 
of the surrounding medium must not necessarily be greater than unit [17]. 
If a canal is made, for example, in plasma, radiation takes place, too. It is 
due to the fact that slow electromagnetic waves, with phase velocity less than 
c and with frequency corresponding to the negative values of the dielectric 
constant of the plasma, can propagate along that canal. The full energy loss, 
reduced in this case to Cerenkov’s one, is equal [17] 


de > 29" w* (1 — p° ca 1— f?e(0) K (®t) 
de vo? ~ (w,a)2 2— B?e(w) I(v1a) Ky (aa) ” 


(16) 


where J,, Ky, K, are the modified Bessel functions, is the radius of the canal, 
= (©/0)V1 — p?, % = (0/0)VI — Be), @ is the frequency of the wave, 
the phase velocity of which equals v. 

The presence of a dielectric is not necessary for the existence of radiation 
at a uniform motion of a charge; a particle can also radiate moving through 
a composite system containing no dielectric (for example, through a system 
of connected resonators), if only waves with phase velocity less than e can 
propagate in that system (*). In this case it is convenient to use the method 
of normal oscillations for the investigation of the radiation, developing the 
transversal part of the vector potential A(r,t) in series of eigenoscillations 
of the corresponding problem. If A,(r) exp [i,t] designate different eigen- 
waves able to propagate in the considered system (/ is a set of the indices 
characterizing the wave, w, is its frequency), this development has the form 


A(r, i) = > q,(t)A,(r) ’ 
2 
where q, satisfy the equations 


Pe MERC 
(17) da+ 074, = fa), fa) = E lidi dV, 


.(*) The results cited below belong to G. |, UBARSKIJ. I. FAINBERG and the author [18! 
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(j is the current due to the moving particle; A, are normalized according to 
the condition {4,4} dV = 470° d,,). 

This equation is the one describing the forced oscillations of an oscillator 
subjected to the action of the force f,(t). The possibility of radiation is equi- 
valent to the existence of resonance between the eigenoscillations and the 
force f,(t). If this force is characterized by a frequency spectrum Q,,, the 
condition of the resonance has such a form (*) 


(18) aa Lim È 


Let us consider the radiation of a charge moving uniformly through a 
chain of resonators connected with one another. We shall consider the linear 
periodic structure consisting of a set of identical resonators connected with 
one another with apertures situated along the x-axis. The particle moves 
through these apertures with the velocity v. In this case 


(19) A,(r) = exp [ika]a,,(r) ’ 


where a,, is a function periodical with respect to x with the period / (J is the 
length of the resonators along the x-axis), X is a continuous parameter in the 
interval (—a/l, z/l) and p one or several discrete parameters characterizing 
separate waves. The frequency spectrum of the force f,(t) is in this case 
Qin = (k+(2an/l))v (n=0, +1, +2,...) and the condition of resonance ta- 
kes the following form 


ann 
(20) Om = (i sE a) v. 


For determining the intensity of radiation, it is necessary to know the 
Fourier components of the function (v/v)a,(7, 0, 0). One may show that the 
intensity of radiation equals 


1 


il 2rina 
DEA 7 È a;(2, 0, 0) exp - SOLE 


gel | by | 2 
4c? 7, | (deo,/dk) — 0] ,=2, 


(Pala), = Tee | ac, 


Vv 
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where A; are the values of 4 satisfying the equation w,— Q;, = 0. Thus, 
the intensity of radiation is determined by the character of the dispersional 
dependance @,= ©,(k) and by the Fourier components 0%. 


(*) In an unlimited dielectric Q,,=kv (k is the wave vector, v is the velocity of 
the particle) the condition of resonance also brings us directly to the condition of the 
Cerenkov radiation: cos 9=1/(By/€) (where 9 is the angle between v and k). 
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The frequency spectrum of a linear chain of identical cylindrical resonators, 
connected with one another by small apertures situated along the common 
axis of the resonators, consists of discrete bands. In the lower band the fre- 
quency w is connected with k by the relation [19] 


©) 
® 
=. 


(22) = @[1 + «(1 — cos kl)], = sali) Ra? 


where @, is the lower frequency of the resonator (a is the radius of the aper- 
ture, R is the radius of the resonator, / is its length, J, is the Bessel function, 
ui is the first root of Jo). 

If a particle moves through the apertures with a velocity exceeding lw,/z, 
it will radiate. Using (21) it is possible to show that the intensity of radiation 
in the lower band of frequencies is determined by the formula 


169?03 Sin? (@ol/2v) 
~ R22 @2I2(U,) 1 — (%@ol/v) sin (0/0) © 


(23) I 


An essential difference between the character of the Cerenkov radiation 
in an unlimited dielectric and the radiation in periodic structures consists of 
the following: in the first case a particle with a given velocity radiates a con- 
tinuous spectrum, a particular frequency corresponding to each direction, and 
in the second case the particle radiates a discrete spectrum. 

A discrete spectrum is also radiated by a particle moving along the axis 


of a homogeneous waveguide filled with a dielectric. In this case © eV. o, +k?s®, 


where ©, is the boundary frequency and s = eV... é(@). The condition of reso- 


nance leads to the relation V ob kes? = vk or 


(24) oO => = 


whence it is clear that m can assume only discrete values. 
Using (21), one can show that the intensity of radiation of a particle moving 
along the axis of a cylindrical waveguide filled with a dielectric is equal to 


2q?v? pest il 
~ ER — J2(u,)0? |(A0/dk) — |” 


(25) 


where w as a function of k is defined from the equation w = s(c)Vk®+(p2/R®) 
(R is the radius of the waveguide, , are the roots of Bessel function J). The 
‘radiated frequencies w in (25) satisfy the condition of resonance 


de; 2 
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We consider now the question about the radiation of an oscillator moving 
uniformly along the axis of a periodic structure [18]. In this case, as well 
as in the case of motion of an oscillator in a medium or in a channel made 
in a dielectric, a peculiar Doppler effect takes place. Here the current is. 
jg = Qd cos Qt 6(x— 21), j, =j,= 0, where d afin (a VO QVI — (v/e)?, 
dy is the dipole moment and 2, is the frequency of the oscillator in the co- 
ordinate system connected with it. 

The condition of resonance is the condition of radiation and has the tol- 
lowing form in the considered case [18] 


2 
(26) one DL Te) ze el 1 


In particular, the condition (26) for an oscillator moving in an unlimited 
homogeneous dielectric has the form 


Q 


ee) a |1 — (/é/e) v cos 0] ” 


where 0 is the angle between the direction of the propagation of waves and 
the velocity of the oscillator. 

The intensity of the radiation of a moving oscillator is determined by a 
formula similar to (21); only the coefficient before the sum is Q'/d?/16c? 
instead of q?v7l/4c? [18]. 


4. — The Interaction of a Beam of Charged Particles with Slow Electromagnetic 
Waves. 


Let us consider the question about the propagation of a beam of charged 
particles through a medium or a system in which slow electromagnetic waves 
can propagate. For definity we shall speak at first about a medium with the 
dielectric constant e, though, as we shall see later, we can consider as well 
a chain of connected resonators. 

Thus, we consider an unlimited dielectric in which an infinite beam moves 
in the direction of the x-axis. The unperturbed state of the beam is deter- 
mined by the velocity » and the charge density 00, which are considered to 
be constant and independent from the coordinates. To make the existence 
of such a state possible, one must suppose either that there is an ion beam: 
parallel to the electron beam with the same value of the velocity and the den- 
sity, or that there exists a strong enough focusing magnetic field. 

Let us suppose that the deviations of the velocity v and the density o from 


ON THE INTERACTION OF ELECTROMAGNETIC WAVES ETC. 601 


the unperturbed values are small in comparison with è and © and that » is 
directed along the x-axis. Then we may base upon Maxwell’s equations in 
which the current density is j = 0% + ve, and upon linearized equations of 
motion and of continuity 


Ow Coe 00 , O 

— — = — ff} = == EY ==) . 

Same Gee ae og Se 

The solution of the equations in the form of plane waves exp [i(wt— kr)] 
leads to the following dispersion equation [21] (*) 


Oe 


(o— 9k)? 


Do 
2 227,2 
wi — 82h? 


| 
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(27) =1, 


where @) = xs, «= Vk*— kt, s= eye, Q= 4neo/m. 

It is possible to show that, e being real and k, being given, the equation (27) 
leads to complex a, if v>s [21, 23]. In other words, the state of the beam 
becomes unstable if its unperturbed velocity exceeds the critical velocity on 
the Cerenkov effect. 


In the case of small density of the beam (2,<,) the frequency corres- 


ponding to ZI ve—s* has the maximal imaginary part. The fre- 
quency of oscillations and the negative attenuation are then equal 


1 Da] 2) dol 
OTO sp) 28 Vo) \Wo 


Considering (27) as an equation for k,, @ being given, the maximal unsta- 
bility, i.e. the maximal negative imaginary part k,, corresponds to the fre- 
quency © = (1 — (s?/v))~*. This imaginary part is equal 


. A A % 3 
(28’) pasta t2e(%) È a a 
V\s v2] \@o 


The maximum of é as a function of v is equal to E ae (83/4) (@o/8)(Q,/0)? 
and corresponds to the frequency 1/2, to be the most amplified [21]. 


(*) A similar equation for a beam moving in a waveguide with no dielectric is 
obtained in [22]. 
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Let us consider now the propagation of a beam of particles through a linear 
chain of connected identical cylindrical resonators (*). (The resonators are 
connected by means of round apertures in the bases of the cylinders, through 
which passes the beam focussed by a sufficiently strong magnetic field). The 
connection between the resonators being supposed small, a strong perturbance 
of the field takes place only near the apertures. Almost in the entire value 
of the «n-th» resonator the field has, therefore, the form H, = ¢,H) where 
E, is the field in the isolated resonator, corresponding to the lower fre- 
quency Wo. 

In the absence of a beam the values q, satisfy, as shown by V. VLADI- 
MIRSKIJ [19], the following finite difference equation 


(29) (0° — W2)Gn — Qin — In — Inti) OR = 0, 


where © is the frequency of the coupled oscillations of the resonators. From 
(29) it follows that [19] 


(29) Gn = do Exp [NV], o = Gol + «(1— cos p)]. 


If a beam of charged particles moves through a chain of resonators, the 
presence of space charges is equivalent to the introduction of a dielectric 
constant 


| Q21? 
c°(2f tg (4/2) — (ale) 


(30) e=1 


(Lis the length of the resonator, 6 = v,/c). In this case the following equation 
must be substituted for (29) 


(31) (@?— w?)qn + Arie | (000n + VoOn) EF AV — ae(24n— Gra — Int) 03 = 0 


where 0, and v, are the deviations of the charge density and the velocity of 
the beam from the equilibrium values in the « n-th » resonator (Integration is. 
performed over the volume of the «n-th» resonator (+)). 

The quantities 0, and v, are connected with the field by the equations of 


(*) This question has been investigated by J. FAINBERG avd the author. 
(+) The field E, is normalized according to the condition {|E,|?dV= 1. 
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motion and of continuity: 


a) l 
lee vo 9 (On + Una) + Von — 01) = nea (En + En) 


2 2m 


The following dispersion equation can be obtained from (31) and (31’) 


li Gil 
¢2(28 tg (4/2) — (wl/e))? 


(32) È — 2a(1 — cos yp) ela 


For small y it degenerates into the equation (27) with the propagation ve- 
locity s =~/a@bdl. 

Thus, a chain of resonators is, in the case of small connection, equivalent 
to a dielectric with the phese velocity of the wave propagation s SEVZIONE 
Therefore, in the case of v >~/ampl, the state of a beam passing through the 
resonators becomes unstable, and the density fluctuations existing in it pro- 
pagate in the form of waves with a growing amplitude. 

The discussed unstability of the beam and the increasing oscillations are 
analogous to the increasing oscillations, found by PIERCE [24] and HAEFF [25] 
during the investigation of different methods of amplification end generation 
of microwaves. 

These discussions stress the close connection between these processes and 
the Gerenkoy radiation of a single particle. 

Let us still consider the question of the stability of an infinite beam moving 
in a dielectric medium situated in constant homogeneous electric and mag- 
netic fields. 

Let the electric and the magnetic fields E and H be directed correspondingly 
along the X- and Z-axes. Then, as it is known, a stationary motion of charges 
along the Y-axis with the velocity 1) = c(E|H) is possible. It is interesting 
to see under what conditions this state of the beam is unstable. 

An unstability arises if vv >s [26]. In the case of small velocities of the 
beam the generated frequency is equal 


(33) O = at, 


: A 
(331) y = (1) i 
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5. — The Propagation of a Beam of Charged Particles Through Electronic Plasma. 


The propagation of a beam of charged particles through electronic plasma 
needs a special consideration because one may consider the plasma as a die- 
lectric only at low temperatures [21]. For the investigation of this question it 
is reasonable to base upon the kinetic equation (11), using moreover the 
linearized equations 


div E = 4ze frau +420, 


ov e 
OL (v,V)v = va E, 
ae 


3 + o, divv + v% grado =0, 


for the deviations of the density of the beam o and the velocity v from the 
equilibrium values 9, and v,. Supposing v and v to be directed along the X-axis, 
and considering the solutions of the form exp [i(ot— kx)] it is possible to 
show that the dispersion equation has in this case the form [21] 


Age? ( fu) 
mk |] — uk 


— 


Q 
(w@ — kvo)* i 


(34) 


where f,= nVm2aT exp [— (mu?/2T)]. 

For sufficiently small Q, the equation (34), considered as an equation 
relatively to w, has the root w = kw 4+n, where |7|< kv, and is determined 
by the expression: 


(35) 3 a È (2) exp 


ny? ak? 


L if n° exp| se) |- ; 
where s=V 37m. As (35) includes the square of 7 there always exists a 
root with Ima <0, corresponding to a wave with a growing amplitude. 
Thus, the state of a beam propagating through the plasma is unstable for 
all values of its velocity [21, 27]. 
Notice that, if v) > s, the dispersion equation acquires the form ‘ 


DI IMA 
(2) |=1, 


a, 0 


wm?— s?k?  (m— kvo)? 


(34’) | i exp 
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which differs only by a small term from the dispersion equation for the di- 
electric, in which the phase velocity is equal to the thermal velocity of electrons 
in plasma. 


6. — The Longitudinal Plasma Oscillators in External Fields. 


We proceed to the theory of plasma oscillations. We begin with small 
oscillations of plasma in a magnetic field H, and an electric field E, both 
constant and homogeneous. 

The linearized kinetic plasma equation has in this case the form 


of 


du 


of , of , eK, of , eEòF, 


ge) Cia bow pera 


FÉ [ull +7 =0, 

where f(r, u, t) is the deviation of the electron distribution function from the 
equilibrium one F;(u), and E is the electric field due to plasma oscillations. 
The last term describes phenomenologically the pair collisions (7 is the mean 
time between the collisions of electrons with ions and with one another). 
Considering the high frequency oscillations of a free plasma, as well as of the 
plasma in a magnetic field, this term may be neglected, but we cannot neglect 
it in the case of electric field. 

The influence of the thermal factors is negligible in the case of the propaga- 
tion of transverse electromagnetic waves (*). Therefore, we shall consider here 
only the longitudinal plasma oscillations, for which the elctric field is potential 
(the longitudinal plasma oscillations in a magnetic field may be considered 
separately from the transversal oscillations under the condition ck >q@ [30]). 

We consider firstly the case of plasma in a magnetic field. In this case the 
dispersion equation has the form 

27 
fexp [—i(7 sin p + Cy) |kudy 


fis) exp [i(7 sind + 6d)] fi 1 exp [2776] | 


d 


+ Jexp [è siny + lp) ludy} du = — iMmog(ka)? 
0 


foo} o 
2 L ka? x > Laie) = 
(37) 1 + k?a?— exp [ ae |n| (4) = 


"€ — 142 


_ o 


(*) The theory of the propagation of transversal waves in plasma is exposed 
in the monograph [28]. See also [29]. 
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where /,(4) is the modified Bessel function, 


eni °° I 0) 30—nw k28\? 
fp = oS 0. =; p= 3(@) 


Og Oy 


(the Z-axis is directed along the magnetic field, the vector k lies in the X Z-plane, 

8 is the angle between the X-axis and the projection of u on the X Y-plane). 
In the case of weak magnetic field, when w,< Q, the equation (37) is re- 

duced to the form s 


DI 9 3 Oy x seo mM 
(37') (ka)? — w(2) +> ©) sin 0520) 105 
where 0 is the angle between H, and k, and w(z) is defined by (12). The fre- 
quency and the attenuation of the oscillations are equal to [31, 32] 


Jo=2+gplogsind + E), 

38 
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(ee Vs na \ 41 Oria ] EP | rag] 


(If ©, > 0 the formula for y coincides with the expression for the attenuation 
of the free plasma oscillations found by LANDAU [14]). 

In the limiting case of low temperatures, when sk<w,, the dispersion 
equation (37) has two solutions [31, 32] 


(39) oO, = Wd4+(1 + 84), Wi = 0-(1 + e_) 
where 
2 i 2 Wi 
Oa. = 5 271 +y+V(1 + y)?— 4y cos? 0) 
Le (EL — >) È cost 0 | & +3é,y 1 ee > 
cao (EL — p)}+ v sin? 0 8 © | o(,—9)® E,—y RSA Sepa 
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The attenuations corresponding to these frequencies are equal [31] 


(39) 


x OS { cp | Wi e | 
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Here it is supposed that y,:< E, <a ,, |, |>>1. If Q>.,, these inequa- 
lities are no longer fulfilled for the frequencies w, = nw, (n= 2, 3,...). For 
the discussion of this case we shall consider at first the angles 9 not near 
to 7/2. Then we can show, that if @, = nw, a strong attenuation determined 
by the following expression takes place [31]: 


2) 


TE sin?” 0 n3 2n—3 
Oe ' Vie 9Q-(1+8) UBI (==) es 


w— 1)! cos 0 cos? 0 +[n? sin 0/(n?—1)]}? \ wz 


(it is supposed that y,<ks cos 0). 
If 0 ~ 1/2, the formula (40) is not valid. In this case it is found that [31] 


(40') i = SEs OD, 


(el MON 
a = 5 EST , (wee) < 
V 2741! Oy 


Thus, in the case of 0~ 7/2 and a given magnetic field, longitudinal waves 
in the intervals of the frequencies nw,—é&<w<nw,+é&, (n= 2, Oakes) 
cannot propagate in plasma (the existence of «gaps» of such a kind was 
pointed out by Gross [30] who has found ¢). 

Let us consider now the plasma oscillations in an external electric field. 
In this case 


w 


0 
where w= mu?/2T, È —3(M/m)(eE.l|T)?, M is the mass of an ion and / is the 
mean free path of an electron. If 1 does not depend upon the velocity [33] 


fi = Cexp[—w + éIn(w+ È)]. 


With the condition mQu/eH, >1 (wu is the mean velocity of electrons), we 
shall get the following dispersion equation [34] 


; 2 eee E,k k? 
(41) ree ge On by) 310? = 0) 


aw" w'4 a3 m o's 


where 
aml ae hhh 
uz = 1 fp) du, u = pie Ea [ur hlor) du 
No 3N 


and ©' is the complex frequency including also the term i/7. 
If k2u?<Q2, ku< Q, the real and imaginary parts of w’, i.e. the frequency 
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and the attenuation of the oscillations are equal to [34] 


La 1 3eE,k 
‘ y= ku += ta 
(22) dei so Q Le t_2mQ 


Thus, an electric field lowers the attenuation if the angle between the wave 
vector k and the electric field E, is less than 7/2. Even in the case of strong 
field, however, we have the inequality eEk/mQ < 1/7. 

In the limiting cases of the weak and the strong fields the frequency is 


equal 
| 1 k2s? 8 el-kE, 1M ol 
(42) Ana 22°? o ms | ri 
o 15/4) ko? 41(3/2) el-kE, 1 M (eB 
= = Pa = , Al 
2 1(3/2) 2 3I(3/4) mo 6m\T i 


where s?= 38T/m, o?= V (4/3)(M/m)(eEl/m). 


7. — The Scattering of the Electromagnetic Waves by the Plasma Oscillations. 


By the propagation of the electromagnetic waves in plasma there may 
appear combinational scattering of these waves by the density oscillations of 
the plasma. The electric and the magnetic fields of the scattered waves with 
the frequencies © =|w,) + 2| (am is the frequency of the incident wave) are 
determined by the Maxwell equations, in which the current and the charge 
densities have the form 


Teaches get 
= Gab: ila ME 


J 
where E, is the electric field of the incident wave, and e’ is the fluctuation 
of the dielectric constant of the plasma, equal to e'= (Q?/a?)(n(r, t)/no) (n is 
the deviation of the density of electrons from the equilibrium value no). 

The differential scattering cross-section per unit volume is determined by 
the following formula 


FEAR EI (a) 
der 4 ea) Fl Vee Tria, 


where n,(t) is the space Fourier component of the density fluctuation n(r, t), 
@ is the angle between the wave vectors of the incident and the scattered 


eda 2a sin Odd, 
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waves ko, k; the line over n? means the time average. The value of ni can 
be found by using the expression for the energy of the plasma 


(1 1 m E 
= 21 2 ; 5 
È Ji Ae a Li jav= È Si? (|%q |? 4 ID 


Supposing the law of the equal distribution of energy to be valid, we shall 
find that 


| |2 La 
|a = an 
and therefore 


Il eT y \4 I 
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The integral scattering cross-section is equal (*) 


(43) ean (2 ) / di [co%elo) + 0300) - 


3 m*c® (Mo 


8. - The Non-Linear Wave Motions in Plasma. 


Finally, we shall consider the general theory of the wave motions in plasma. 
Such a theory, not based on the usually performed linearization of equations, 
can be developed without taking the temperature effects into account, i.e. sup- 
posing the temperature of plasma equal to zero (*). The state of plasma may 
be characterized here not by the distribution funetion, but by the density 
of electrons n(r, 1). In the case of the wave motion we shall consider the density, 
and the velocity of the electrons, and the fields depend only upon one variable 
E — ir— Vt, where V is the velocity of the wave, and i is the unit vector in 
the direction of its propagation. Maxwell’s equations and the motion equations 


(*) These formulae are obtained by A. SITENKO, I. PROHODA. 
(+) The results cited below belong to R. PoLOVIN and the author. 
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acquire the form 


[iE] = pH’, = =[iH’) = — BE'+ 


iE’ = 47e(n — %) , 


+ enw, 
iH'=0, 


(iv — V)p' = eE + : [vH] 


where B= V/c and p= mov/V1 — (v2/e?) 


(v?/c?) is the electron momentum. Hence, 
the dimensionless momentum e= p/mc satisfies the equations 
| d° 05, b? b 
= + (2? =) 
renano 
(44) 


where u=v/c, t=t—(z2/V) (the Z-axis directed along i). 
The limited solutions are possible only in the case of V> €, Le. fB>1 (*). 
The equations (44) can be obtained from the Lagrangian 


(ae) + (ae) + () 


i; il 
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where 


E=Vfi—1o;  qp=vp*=1og, V0= Bo VIE, 


Thus, the problem of the wave motions of plasma is equivalent to the problem 
of nonrelativistic motion of a particle in the field 


j= OF [BVB-1+£+4np+& +0. 


The general conservation laws follow from the expression for 2 


(ee 


(45) dr E° HA) + Pn — es 


Waal e) re LEH = = Const. 
— (v2/e?) 
pH = Const. 


(*) This conclusion is obvious for the transversal components of the velocity. The 
third equation (44) for w, admits limited solutions for every value of f, if u,=w,=0 
However, such purely longitudinal motions are unstable, if 8 < 1 
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Let us consider the longitudinal plasma oscillations. Putting 
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where vw», is the maximum value of wu, and 
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The frequency of the longitudinal oscillations depends upon their ampli- 
tude v,, and is determined. by the following formula 
k’ 
(48) = FPR ae 


In the limiting cases of small and great w,, the following expressions are valid 


3 
| OH) = a1 — aun) 5 Um& 1 
(49) 
I 1 
| o = gg 9, 1—Un& 1. 


If u,,—> 0, © degenerates into Langmuir’s frequency Q, and if w,,—>1, tends 
to zero. 

The electric field H(t) and the density n(7) are connected with u(t) by 
means of the expressions 
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The maximum value of # at 1—u,<1 is equal to 


cE, = V2 nel 
Let us consider now the transversal oscillations. In the case of purely trans- 
versal oscillations 0? = const, and the electrons have circular orbits with the 
frequency 
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It is possible to consider the oscillations near to the transversal ones, for which 
o differs little from a certain value 0. The frequencies of these oscillations 
are equal 


‘A R272 Vea. / 202 pe 2 
e @ + 58 La UÈ 20 nav ae a) Ti (Bp? 1)(4 + 302). 
28°V1 +08 2B2V1 + @ B 


Let us notice at last that in the cases of 6 >1 and f ~1 coupled longi- 
tudinal-transversal oscillations may be investigated, since in these cases the 
equations (44) may be exactly integrated. 
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ConTENTS. — 1. Introduction. — 2. Brief survey. — 3. Acoustic para- 
magnetic resonance. — 4. Paramagnetic resonance in iron group salt 
solutions 


1. — Introduction. 


Paramagnetic resonance (PR), discovered in 1944 by ZAVOJSKIJ [1] (Kazan, 
USSR) consists in the transmission of energy of a radiofrequency field of 
frequency v to a paramagnetic substance, as a result of magnetic dipole tran- 
sitions between energy sublevels created by the static magnetic field H. Reso- 
nance absorption occurs when the energy quantum of the variable field equals 
the difference of energy between the magnetic sublevels. In the simplest case, 
the resonance condition has the form 


(1) gBH =, 


where g is the spectroscopic splitting factor, and f is the Bohr magneton. 
In a first approximation, the rate of magnetic dipole transitions is, in the 
overwhelming majority of cases, different from zero only when the variable 
and constant magnetic field sare mutually perpendicular. 

ZAVOJSKIJ thoroughly investigated PR in salts of the iron group elements. 
He also began the study of PR in solutions of paramagnetic salts and in 
metals [1, 2]. A natural continuation of investigations of electronic PR is 
the discovery in 1946 of nuclear magnetic resonance by PURCELL [3] and 
BLOCH [4] and their co-workers. Directly linked to PR research is the dis- 
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covery of ferromagnetic resonance, independently, by GRIFFITHS [5] and 
ZAVOJSKIJ [6], and theoretically examined as far back as 1935 by LANDAU 
and Lirsic [7]. It should be noted that the selective absorption of the energy 
of a variable electromagnetic field by ferromagnetics, discovered by AR- 
KADEV [8], DORFMAN [9], suggested the idea of magnetic resonance as early 
as 1923. 

The Zavojskij effect makes it possible to determine the position of the 
energy levels of magnetic particles. Hence, the study of PR is a necessary 
part of radiospectroscopy. The effect is also intimately connected with the 
magnetic cooling method and with paramagnetic relaxation, as both these 
phenomena have to do with kinetic processes of magnetization. 

While in the study of paramagnetism in constant fields the basic quantity 
is the static susceptibility yo, in variable fields the susceptibility becomes & 
complex magnitude: x = y'— x". The purpose of the theory of paramagnetic 
dispersion and absorption is to investigate the dependence of the coefficients y’ 
and x’ on the frequency v and field intensity H. It is well known that the 
magnetic properties of solid and liquid paramagnetic substances depend on 
internal electric fields and on the magnetic and exchange interactions of the 
paramagnetic ions. These internal forces are also most essential for the PR 
phenomenon. 

Firstly, thanks to these forces the paramagnetic substance as a whole 
absorbs the energy of the radio-frequency field which stimulates both induced 
radiation and energy absorption with equal probability. For processes of the 
second type to predominate there must be a mechanism ensuring the resto- 
ration of thermodynamic equilibrium by continuous transmission of energy to 
the thermal motion of the atomic particles. It is the dependence of the internal 
forces (which act on the paramagnetic particles) upon the thermal motion that 
creates the so-called « spin-lattice » interaction. 

Secondly, these forces determine the shape of the paramagnetic resonance 
lines. The natural width of the lines in the radio-frequency range is quite 
negligible. Therefore, the form of the lines can depend only on the thermal 
motion and interaction of the magnetic particles between themselves and with 
the diamagnetic particles. 

Thirdly, these forces considerably influence the form of the PR spectrum, 
and the number and position of the absorption lines. 

From the above it follows that experimental and theoretical investigation 
of PR phenomena may proceed in three directions: 1) determination of PR 
spectra in different substances; 2) ascertainment of the form of the PR lines, 
and 3) determination of the magnitude of the spin-lattice interaction. 

PR enables one to measure the mechanical and magnetic moments of atoms 
and atomic nuclei with greater precision than by other methods. PR underlies 
also the more effective methods of producing nuclear alignment. Moreover 
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the Zavojskij effect makes it possible to draw conclusions regarding the fine 
structure of crystals and liquids, and, lastly, to solve certain chemical problems. 

In this article we give a brief survey of PR research carried out in Kazan 
(Sect. 1), and dwell in somewhat greater detail on two problems we have been 
working on lately: resonance absorption of ultrasound by paramagnetics. 
(Sect. 2), and PR in liquid solutions (Sect. 3). 


2. — Brief Survey. 


21. PR spectra. — ZAVOJSKIJ made his PR discovery in polycrystals of 
the iron group salts. In all cases there was a sharp absorption peak the po- 
sition of which (in agreement with the theory and the static susceptibility of 
substances) corresponded to pure spin magnetism. For organic free radicals, 
PR was first observed by KozYREV and SALIROV [10]. Continuing his research 
on organic substances, KOZYREV [11] demonstrated that latent paramagnetism 
could be detected by the PR method. 

If the electronic spin of an atom is greater than +, then, firstly, there must 
be lines of weak intensity, corresponding to transitions 1M > 1, where M is 
the magnetic quantum number. In 1947, ZAVOJSKIJ [12] succeeded in detect- 
ing this phenomenon in certain salts. 

Secondly, the fine structure of PR lines due to a weak splitting of the 
energy ground level may appear even in the absence of an external magnetic 
field H. This structure was experimentally detected by ZAvosskiy [13] in 
chromium alum powders, and theoretically interpreted by Weiss [14]. For 
detailed study of the fine structure monocrystals of solid solutions of para- 
magnetic salts are used. In this way GARIF'JANOV [15] investigated the fine 
structure in gadolinium nitrate, and ZARIPOv and SAMONIN [16] in synthetic 
ruby (ALLO; with and admixture of Cr,0;). 

Hyperfine structure of PR lines may be observed in the cases when the 
nucleus of the paramagnetic atom has a spin different from zero. The influence 
of the nuclear spin on the shape of the PR spectrum was first established by 
AL'TSULER, KozyREV and SALIHOV [17] in 1948, in solutions of Mn** salts. 

ZARIPOV [18] has lately proposed a theory of the hyperfine structure of 
singular electron levels. Calculations show that this effect should be obsery- 
able in a number of salts in which the paramagnetic ions have an even number 
of electrons. This phenomenon may be regarded as intermediary between 
purely electronic and purely nuclear PR. 


2°2. The form of PR lines. — The first theoretical interpretation of PR 
experiments of ZAVOJSKIJ was advanced by FRENKEL [19]. He obtained for- 
mulae describing the form of PR lines, assuming that their broadening is con- 
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ditioned by the interaction of the spins with the thermal oscillations of the 
lattice. In 1947, AL'TSULER, ZAVOJSKIJ and KozyREV [20] established certain 
empirical laws from which it followed that the usual spin-lattice interaction 
does not determine the form of the PR line and that the width of the line 
depends primarily upon the mutual interaction of the magnetic particles. 
‘They also found that purely magnetic interaction cannot explain the observed 
width. It was therefore assumed that serious influence on the width should 
be exerted by the exchange interactions and the internal electrical fields in 
the substance. 

Developing VAN VLECK’s [21] theory, GLEBASEV [22] carried out excep- 
tionally laborious calculations to determine the 6" moment of the absorption 
line. A comparison of these calculations with experiment confirmed GORTER’S 
and VAN VLECK’s [23] idea regarding the exchange narrowing of the absorp- 
tion line. 

By means of PR measurements in solid paramagnetic solutions, KASAEV [24] 
studied experimentally the dependence of the line width upon exchange inter- 
actions. 

_ As stated above, paramagnetic absorption is accompanied by a dispersion 
of the susceptibility. PR dispersion was first investigated by ZAVOJSKIJ [25] 
on manganese sulphate at v = 16° Hz. Dispersion measurements at still 
lower frequencies were carried out by RomANoy [25]. Dispersion in the centi- 
meter band was also studied by KozyREv, SALIHOV and SAMONIN [27], and, 
lastly, on a large number of substances, by NEPRIMEROV [28]. 

The integral relations between y' and x" were found by KRAMERS [29] 
for the case when the variable quantity is the frequency » of the external field. 
AL'ISULER [30] obtained analogous relations for a practically more important 
case when the variable is the intensity of the static field, H. These relations 
have the form: ; 


| 1 (Fr 
an 1(PEA+H)-FH-H) 
ieee H) = =| i dH, , 
(2) "9 
F(H) = Ik HG (H + Hi) "6 (H H,) dH, 
IT TBE, 


Here F = x, Ynon.1 Where Xx is the absorption coefficient for the rotating 
field, whose direction of rotation coincides with the direction of the Larmor 
spin precession, and Xo, i8 the coefficient for the field rotating in the oppo- 
site direction. 

The relations (2) were used in a number of experimental works. 

PR may be detected not only by measurement of y' and x", but also by 
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observing the rotation of the polarization plane of microwaves about the field 
H in the paramagnetic substances. A detailed study of PR rotation bas been 
carried out by NEPRIMEROV [31] in a number of salts. 


23. Spin-lattice interaction. — Let us first consider the spin-lattice re- 
laxation time theory. AL’TSULER [32] carried out calculations for hydrated 
salts of rare-earth elements (Cl*+*+), and obtained the following formula for 
the Raman scattering of phonons: 


o4'02I(J + 1) 


(3) he(eu/R)}Iz  ” 


where 7 is the relaxation time, o the crystal density, 4 the energy splitting 
due to the crystal electric field, v the velocity of sound, u the effective dipole 
moment of the water molecule, & the equilibrium distance of this molecule 
from the paramagnetic ion, 7, the integral determining the dependence of t+ 
on the temperature [33]. From formula (3) it follows that at room tempe- 
rature 7 should be of the order of 10-1” —10- s, which agrees with experiment. 

Besides this, AL'TSULER [34] calculated the relaxation time for ions in the 
S-state and also generalized the Waller [35] spin-lattice relaxation theory. 
The experimental study of spin-lattice and spin-spin interaction was carried 
out, mainly in parallel static and oscillating magnetic fields. 


24. Investigations in parallel fields. — The extensive studies in this field by 
GoRTER and his collaborators [36] are well known. ZAVOJSKIJ introduced some 
highly sensitive methods for measuring paramagnetic losses and these enables 
him [37], Kozyrey [38] and others to obtain a number of new results. Par- 
ticularly noteworthy is the possibility that the methods of Zavojskij have 
opened up for measuring and detecting relaxation effects in liquid solutions 
of paramagnetic salts at room temperature. Of great importance for the theory 
of paramagnetic relaxation is the work of SAPo$NIKov [39]. The initial 
theory of Casimir and Du PRÉ [40] took into account only spin-lattice 
relaxation. Using the methods worked out by LronroviG and MANDEL- 
Sram [41] for acoustic relaxation phenomena, SAPOSNIKOv evolved a general 
phenomenological theory taking into account also spin-spin relaxation. His 
formula has the following form: 


[pkey 1+ (1 — F)r? 
LO 7 [1— (1— Ptr] + (147)? ’ 


x 
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Here F = H?/((b/C) +H?), bis the magnetic specific heat, C the Curie constant, 
t' is the spin-spin relaxation time. Saposnikov’s formulae have been repeatedly 
used by experimenters. RIvKIND [42] carried out absolute measurements of x” 
at low frequencies in perpendicular fields and determined the spin-spin rela- 
xation time for a whole series of substances. These measurements confirmed 
the correctness of Sapoknikov’s theory for weak magnetic fields. By measu- 
rements in parallel fields, GARIE‘JANOV [43] and SIrNIKOV [44] confirmed 
Saposnikov’s theory for higher frequencies at which the predominant role is 
played by spin-spin relaxation. These experiments have made it possible to 
determine the magnetic heat capacity of many salts. 


3. — Acoustic PR. 


The possibility of supersonic resonance absorption by paramagnetics was 
suggested by ZAVOJSKIJ. AL'TSULER [45] developed the theory of this pheno- 
menon. Acoustic PR consists in the transmission of supersonic energy to a 
system of magnetic particles when the energy quantum of elastic oscillations 
equals the difference between the energies of the magnetic levels. Thus, as 
in the case of ordinary PR, the acoustic effect will take place when condition (1) 
is observed (v in this case being the supersonic frequency). 

The nature of the mechanism by which the sonic energy is transmitted 
to paramagnetic particles is the same as that of paramagnetic lattice relaxa- 
tion in which one-phonon processes are involved. Ultrasound resonance ab- 
sorption can, therefore, be regarded as inverted paramagnetic relaxation. 
Under the influence of sonic oscillations, the forces acting on the magnetic 
particles will change periodically, and transitions from one magnetic energy 
sublevel to the other will arise. Due to the great population of the lower sub- 
levels the number of transitions associated with energy absorption will exceed 
the number of inverse transitions. Equilibrium will be restored by the trans- 
mission of the excess energy of the paramagnetic particles to the lattice thermal 
oscillations. 

The ultrasound absorption by paramagnetics is calculated by a method 
similar to the one used for calculating the time of paramagnetic lattice re- 
laxation due to processes of the first order. This yields the following formula 
for evaluating the effect in solids: 


h2 Nv2 
7 Sat kT RT ¥y 


(5) 


Here o is the absorption coefficient of sound, i.e., the ratio of the energy 
absorbed per second in 1 cm? to the energy incident per 1 cm’; N is the number 
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of magnetic atoms per 1 cm?; v, is the half-width of the absorption line; 7 the 
temperature of the substance; TP, the temperature at which relaxation time 7 
is determined. The experimental results yield for the coefficient o values of 
the order of 0.1 cm-!. Hence, the effect in question is sufficiently large to be 
observable. Calculations of o were subsequently undertaken for different types 
of paramagnetics, assuming various mechanisms of spin-lattice bond. 

At first, resonance absorption of ultrasound was investigated in para- 
magnetic salts in which the spin-lattice bond is due to modulation of the 
crystal’s internal electric field by elastic oscillations of the lattice. The coef- 
ficient o was calculated for some typical salts of the iron group (titanium and 
chromium alums), for rare-earth element salts (cerium nitrate, praseodymium 
ethylsulphate) and, lastly, for salts whose magnetic ions are in the S-state 
(iron alums). The following coefficient was obtained for titanium alums: 


2 2 
(6) cep (È) (74) vi, 


where P = a2N/oKTv®v,, A is the spin-orbit interaction constant, and 6 the 
energy splitting caused by the trigonal field. At 7= 20° numerical evaluation 
yields o — 2:10-38 cm-!. For chromium alums, with A signifying complete 
energy splitting by a cubic symmetry field, we have: 


A eu\? (A\4 5, 
7) o~ (4) (4) Py. 


The numerical evaluation yields o — 10-21»? em-! at room temperature. A 
different dependence of the absorption on the ultrasound frequency was ob- 
tained for titanium and chromium salts. This is explained by the fact that 
in the case of chromium alums the spin degeneracy is partially removed even 
in the absence of the external magnetic field. 

If the cristal field produces only Kramers degeneracy of the magnetic ions 
energy levels (which is not removed by changes in the electric field due to 
lattice oscillations) then, as computations show, resonance absorption of ultra- 
sound should be very small in the rare-earth salts. 

Thus, for cerium nitrate at T= 20°K, o -3:10-4 cm. Im rare-earth 
ethyl-sulphates the crystal field is hexagonally symmetrical. If the rare-earth 
ion contains an even number of electrons, the energy levels retain the non- 
Kramers’ degeneracy, and the sound absorption effect should therefore be high. 
Thus, for praseodymium ethylsulphate 


eu\? aa : 
(8) 0 P(e) (3) ve. 
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Hence at 7 = 20°K we have o-10-!5cm-!. The effect is so great that 
this salt is evidently most suitable for experimental investigation. 

For iron alums in which the ion Fe*++ is in the S-state, the absorption 
coefficient is relatively small, and is of the order of ~ 10-24»? cm! at room 
temperature. 

In gadolinium salts for which, as is well known, splitting of the paramag- 
netic ion energy ground level by the crystal’s electric field is much greater 
than in the iron ion, it may be expected that the acoustic effect will be ap- 
proximately 104 times higher. 

Ultrasound resonance absorption has also been treated on the assumption 
that the spin-lattice bond is due to variation of magnetic interaction between 
the particles caused by elastic oscillations of the lattice (the Waller mechanism). 
In this case the absorption coefficient is: 


’ 


253 2p2\2 DI 
(9) o= 5 PZ (a) S(S + 1)?(28 + 1) 


where Z is the number of the atom’s closest neighbours in the crystal lattice, 
a the shortest distance between the magnetic atoms, S the electron spin. In 
substances with higher magnetic atom density of the MnF, type this mecha- 
nism can make the coefficient o to be ~ 10-19? cm-! at room temperature. 

After paramagnetic salts, the effect in question was investigated for all 
rare-earth metals. In other metals sound resonance absorption should be small 
as conduction electrons also participate in the exchange of energy between 
the lattice oscillations and electron spins in the external magnetic field. 

The highest sound absorption is to be observed in rare-earth metals having 
a cubic lattice, and in metals with a hexagonal lattice, whose ions contain an 
even number of electrons. If e’ signifies the ion’s effective charge, then the 
absorption coefficient for such metals may be estimated by the formula: 


ee’\2 f 7? 


which at room temperature yields o ~ 10-16? em. 

Ultrasound resonance absorption will evidently take place not only in 
electron paramagnetics but also in substances possessing nuclear paramagnetism. 
Favourable conditions for the nuclear effect are the small width of the para- 
magnetic absorption lines and the high density of magnetic particles. The 
small values of the nuclear magnetic and quadrupole moments are the reason 
for the relatively weak spin-lattice bond, which, naturally, will reduce the 
effect. 


In solid dielectrics, in which the spin-lattice bend is conditioned by the 
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magnetic interaction of the nuclei, the absorption coefficient may be calculated 
by formula (9), where now § signifies the nuclear magneton. For NaBr crystals, 
for example, at 7—= 300 °K, the coefficient o — 10-25»? em-1. For substances 
in which the spin-lattice bond is due to nuclei quadrupole interaction, the coeffi- 
cient o may be much smaller (of the order of 10-2? cm). A still greater 
effect may be expected in metals in which the interaction between the nuclear 
spin and lattice oscillations is enhanced by interaction of the nuclei with the 
conduction electrons. A substantial effect may also be obtained in liquids 
whose spin-lattice bond may be strengthened by the addition of paramag- 
netic salts. 

It is interesting to compare ultrasound resonance absorption with para- 
magnetic resonance in variable magnetic fields. 


a) Comparison of the magnitudes of both effects is easy if we take into 
account that the electromagnetic field energy absorption coefficient is: 


di QI ARA OTO 
q, = VI > — Xn? . 
) e x Cry o 


e 


Usually, for «electron» paramagnetics v, — 10° Hz, yo 1075 and therefore 
o 10-22»? cem-!. For the ultrasound absorption coefficient we have likewise 
obtained in many cases an expression proportional to v?, with the propor- 
tionality factor greatly depending on the magnitude of the matrix element of 
the spin-lattice interaction operator. If this matrix element is different from 
zero in the first approximation, then for the coefficient o we obtain values 
greatly exceeding o,. If, however, higher approximations are needed, then o 
and o, are usually of the same order of magnitude. 

It should be noted that the absorption coefficients for the longitudinal 
and transverse waves will, generally speaking, vary. For solids we have every- 
where given the average values of the coefficient o. 


b) Ordinarily, PR greatly depends on the angle between the static and 
variable magnetic fields. The acoustic effect is not very sensitive to changes 
in the direction of propagation of the sound waves relative to the field H. 


c) Ultrasound absorption frequently results from the transitions between 
such sublevels for which magnetic dipole transitions are forbidden. 


d) The absorption lines may have entirely different shapes in the acoustic 
and the usual effects. This is explained by the fact that in both phenomena 
we deal with the same bands of energy levels created by magnetic and other 
interactions, but the laws governing the rates of transition between these levels 
due to ultrasound and the action of the external variable magnetic field are 
entirely different in their nature. 
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In spite of the fact that in many cases the ultrasound absorption coeffi- 
cient greatly exceeds the radio-frequency field energy absorption coefficient, 
the low sensitivity of the ultrasound investigation method calls for the use 
of indirect ways of detecting acoustic PR. The « saturation » of the nuclear 
magnetic sublevels, which occurs at high sonic intensities enables one to observe 
acoustic PR. Another method may be based on the variation of magnetization 
under ultrasound influence. Further experiments in resonance paramagnetic 
absorption of ultrasound should essentially supplement the data obtained by 
investigation of ordinary resonance and paramagnetic relaxation. They should 
facilitate a deeper insight in the nature of the spin-lattice interaction, and the 
determination of its characteristic constants; they should also help to establish 
the structure of the energy levels of rare-earth metals, the study of which by 
the ordinary methods is difficult; finally they should reveal new absorption 
lines the appearence of which under the influence of the radio-frequency field 
is impossible due to the absence of magnetic dipole transitions. 

In conclusion it should be noted that ultrasound resonance absorption 
should exist not only in paramagnetic but also in ferromagnetic and antiferro- 
magnetic substances. The absence of a satisfactory spin-lattice interaction 
theory for ferro- and antiferromagnetics handicaps a quantitative evaluation 
of this acoustic effect. As we know, the ordinary ferro and antiferromagnetic 
resonance effects are of no smaller magnitude than resonance absorption by 
paramagnetics. It therefore may be expected that ultrasound resonance ab- 
sorption will likewise be substantial in ferro- and antiferromagnetic substances. 


4. — PR in Iron Group Salt Solutions. 


The study of PR in solutions has a twofold purpose: firstly, it furnishes 
new data on the magnetic properties of substances and, secondly, makes it 
possible to clarify certain details of the microstructure of solutions. 

PR measurements were made [46, 47] in solutions of the iron group salts, 
VOt+, Crt++, Mn++, Fet++, Cot+, Nit+ and Cu++, at room temperature in water 
and in certain organic solvents (ethyl alcohol, glycerine, acetone). Besides that, 
N. S. Garir’JANov [48] has measured PR in highly supercooled solutions of 
salts of the above named ions in organic solvents. 

The measurements were made. mainly at frequencies of v ~ 10000 MHz 
by the wave transmission method with maximum modulation of the magnetic 
field H. The position of the absorption peaks was determined by proton re- 
sonance. At lower frequencies (from 10 to ~ 1000 MHz) the ZAVOJSKIJ [1] 
grid-current method was used, modulation of the field H also being applied. 

An observable effect at room temperature was found in the solutions of 
the salts of VO**, Crt+, Mnt+ and Cut+. At very high concentrations, a 
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single peak was observed in all of the salts used. When diluted below several 
mole per liter, the effect in the pure organic solvents at room temperature 
could no longer be observed (with the exception of Cu++ salt solutions) owing 
to a very great broadening of the absorption lines. 

Diluted solutions of Mn++ salts in aqueous as well as in mixed aqueous- 
organic solvents have a hyperfine structure (h.f.s.). For frequencies of 
v=10000 MHz the h.f.s. can be satisfactorily described by the following formula 
from the general theory of ABRAHAM and PRICE [49] for the case of isotropic 
media and for transitions (M, m)<— (M—1, m): 


: A? Am 
(12) H* = H,—Am on EE 1) — m?] oH, (2M —1). 


Here H* is the resonant value of field H, A the h.f.s. constant, I the spin of 
the paramagnetic ion nucleus, and m and M are respectively the magnetic 
quantum numbers of the nucleus and of the electron shell of the ion. 

For aqueous and mixed solutions of Mn+* salts the best agreement with 
experiment is obtained when we put A= 96.5 Oe, g = 2.000 + 0.002, which 
practically coincides with the results of the measurements by TINKAM, WEIN- 
STEIN and Kip [50]. The impossibility of observing the h.f.s. effect in diluted 
solutions of Mn** salts in organic solvents at room temperature is explained 
by the short relaxation time. Deep cooling of these solutions (down to the 
temperature of liquid oxygen) has made it possible to observe [48] the h.f.s. 
of the absorption line and, as expected, the A and g constants proved to be 
practically the same as for water solutions: A= 97 Oe and g = 2.000 + 0.002 
for any solvent. 

At low frequencies (v > 200 MHz) and small concentrations of manganese 
salts, i.e., under conditions corresponding to the Zeeman effect of the resultant 
spin F of the nucleus and the electron shell of Mn++ in weak fields, the h.f.s. can 
be described by the formula: 


_H*= lg... 
Here 
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where J is the electron shell;spin.,For manganese salts J = J= 3 and there- 
fore formula (13) yields a single peak with g, = 1, which was found in 1948 
by AL'TSULER, KozyREV and SALIHOV [17]. 

At room temperature and high frequencies, h.f.s. in diluted water solutions 
of VO** salts is characterized by the, constants A = 116 Oe and g = 1.962 + 
+ 0.002. In mixed solvents the magnitude of A is somewhat different. 
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_ In supercooled solutions of VO** salts in organic solvents [48] a complex 
spectrum is observed, which, presumably, is the result of the superposition of 
two h.f.s. spectra, of which one, characterized by the constants A = 76 Oe 
and g = 1.960 + 0.003, consists of narrower and more intense lines, and the 
other, with A= 200 Oe and g = 1.92, contains broader and weaker lines. The 
presence of this complex spectrum, and the variability of the constant A, are 
evidently associated with changes in the molecular structure of the VO** ion 
due to variation of the medium and temperature. 

In Crt++ salt solutions not enriched with isotope Cr, h.f.s. has not been 
observed. It is interesting to note that aqueous solutions of salts of the violet 
modification containing [Cr(H,O),|*++ ions yield a relatively narrower and 
more easily measurable absorption line at g = 1.972 + 0.006 than solutions 
of the green modification containing [Cr(H,O),X,|* ions. The line of the latter 
is very broad and difficult to measure. 

Fet* salt solutions do not yield a measurable effect at room temperature, 
owing to very great width of the lines. In supercooled FeCl; alcohol solutions, 
however, GARIF/JANOY [48] succeded in detecting a weak resonance maximum 
corresponding to g = 2. Partially hydrolized FeCl, salt produces, besides this 
maximum, a second one corresponding to g = 4.33 + 0.03. The latter is 
also obtained if the FeCl, alcohol solution is heated until the colour changes. 
Thus, colloidal products of hydrolized FeCl, possess unusual magnetic pro- 
perties, and it is possible that we have a ferromagnetic substance. 

As was previously mentioned, high concentrations of VO** and Mn** salt 
solution yield a single and relatively narrow absorption peak. This was ob- 
served earlier with regard to Mn++ by GaRsTENS and Lrepson [51], who 
explained it by assuming exchange interactions between the Mnt* ions at 
very high concentration. Exchange narrowing of absorption line in ions, which 
is accompanied by removal of h.f.s., takes place at the concentration of 
~ 5.8 mole/l No exchange narrowing was observed in Crtt+ salt solutions. 

Exchange interactions are most intense in Cu** salt solution, as was to be 
expected from experiments with solid salts. 

In Cu(NO,), solutions the following PR properties were observed at room 
temperature: 


1) PR is observable beginning from the highest concentration to those 
of several thents mole/l; 


2) In this whole range of concentrations a single resonance peak without 
h.f.s. is observed. 


3) The width of the line does not depend on Cut+ concentration and 
equals ~ 140 Oe; the intensity rapidly drops with dilution. 


These PR properties in Cu(NO;),; solutions have been confirmed by measu- 
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rements at lower frequencies. Previous observations at low frequencies [17] 
which showed very weak absorption maximums, attributed to the influence 
of the Cu nuclear spin, have not been confirmed by more thorough investi- 
gations. 

H.f.s. of Cut+ ions is not observed in organic solvents. However the witdh 
of the line and the precise value of g greatly depend on the immediate 
environment of the Cu++ ion and this has made it possible to apply the PR 
method for the investigation of complex formation in salt solutions. 

The only possible explanation of the effect observed in Cu** salt solution 
is the following one: it is entirely due to those Cu** ions which exhibit strong 
exchange interaction. This in turn indicates the existence of a sort of quasi- 
crystal structure in not too much diluted Cut salt solutions: the lifetime of 
the microscopic formations containing at least two Cu** ions should not be 
shorter than 10-7s at room temperature. Cu++ ions between which there are 
no strong exchange interactions do not produce measurable effects at room 
temperature, evidently because the relaxation time is too short. This is con- 
firmed by experiments [48] with supercooled Cu** salt solution in organic sol- 
vents. At 90 °K and for concentrations of Cu+*+ ions of 1 mole/l or lower, 
these solutions have revealed, besides an « exchange » peak corresponding to 
g = 2.091 + 0.002, four h.f.s. peaks described by formula (12), if we put 
A = 130 Oe and g = 2.369 + 0.003. 

Rising temperature rapidly reduces the intensity of the Cu*+ exchange 
peak both in water and other solvents; and at temperatures close to the 
boiling point it disappears altogether. This apparently signifies the decay of 
the microcrystal formations which are responsible for the exchange interactions. 

On the whole, the experimental results show a fairly close analogy between 
diluted liquid solutions and the polycrystal solids of the respective ions. In 
particular the relaxation time in liquid solutions, as a rule, increases with 
rising temperature in the same manner as in solids. The presence of exchange 
effects in concentrated (and in the case of copper even in fairly diluted) solu- 
tions of certain ions likens them to pure solid paramagnetics. All this indi- 
cates that there is a close order in the position of particles in solutions at tem- 
peratures sufficiently remote from the boiling point. Particles situated near 
the paramagnetic ion should undoubtedly have much less freedom of motion 
than pure liquid molecules. Precisely because of this, the principal role in the 
PR effect in solutions should be played not by the mean correlation time 7, 
but by the nature of the immediate environment of the paramagnetic ion and by 
the local electric fields (acting on the ion) determined by this environment. 
This is well illustrated, for example, by experiments in which the viscosity of 
solutions is varied: changing by 50 times the viscosity of a 0.1 mole/l MnCl, 
aqueous solution by partial substitution of water by saccharose, the Mn** 
h.f.s. structure still remains clearly distinguishable, whereas a corresponding 
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change of viscosity by glycerine makes the effect utterly unobservable. This 
may be explained only by the fact that there are glycerine molecules, but 
no saccharose molecules, in the immediate neighbourhood of the Mn** ion. 

In conclusion it will be noted that, as RIvKIND [52] has recently found, the 
close order in the position of particles should be taken into account also 
in studying proton resonance phenomena in paramagnetic ion solutions. We 
are not discussing here his findings as they are beyond the scope of the 
present article. 

Further investigation both of electron and proton resonance promises to 
become a highly effective method of research in the structure of solutions. 
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Conrents. — 1. Introduction. — 2. A classification of non-linear theories. 
3. — Equations of class A. — 4. Equations of class B. 


1. — Introduction. 


‘In recent years, the development of the quantum field theory has been 
marked by successful application of the method of repormalizing the mass of 
the particles. However, this method is only a mathematical procedure that 
makes it possible to circumvent phenomena and processes relating to very 
high frequencies and to very small scales. In addition, this method is not 
always applicable. 

For this reason, along with the development of methods of renormalization, 
various theories were developed in which the divergence of the self-energy 
of the particles is excluded not by additional methods but on the basis of the 
initial physical content of the theory. 

The following two trends are represented by an especially large number 
of works: 1) the non-local field theory, and 2) the non-linear field theory. 

In this report we shall consider the main peculiarities of the second trend, 
the non-linear field theory. 

The introduction of a certain field scale 9, is characteristic of this theory; 
thus, indirectly, there is introduced a certain length s) = VI9igs (where g is 
the charge of the particle), length which may conditionally be regarded as « the 
size of the particle ». 

The following main problem is then discussed: to what extent is the non- 
linear field theory capable of eliminating, in principle, the above-mentioned 
difficulties of the quantum theory? 

It is not necessary to analyze the concrete form of the theory in order to 
investigate this aspect of the problem. 

It is sufficient to examine its general features. 
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2. — A Classification of Non-linear Theories. 


Non-linear equations of any physical field (for example, of a meson, electro- 
magnetic, and any other such field) may be obtained from the variational 
principle which is invariant with respect to Lorentz transformation 


(1) | LIK, Tx) de diS00 


where L is the Lagrange function, and K, /,... are field invariants. We shall 
limit ourselves to equations not above the second order, and therefore K, J, ... 
are assumed to be composed of components of the field and its first derivatives. 
Then the fields arising from equation (1) have the following form (*): 

hava 


OT pea =: 
(2) Aa die Cte 


With the aim of correspondence to non-linear theory, the Lagrangian 
should be selected in such a way that in the region where |y| <q, | ég/a|, 
| Op/0t| <o/8., the equations become linear. This is a very slight limitation 
on the selection of the value L. 

Let us now consider the velocity of signal propagation in non-linear theory, 
that is the velocity of the front of a wave bounded by a weak discontinuity. 
The value of this velocity & is equal to the slope of the characteristics and is 
determined from the equation: 


(3) Ages ORE = On 


It is obvious that this velocity will be a function of the field p and of its 
derivatives. 

With respect to the velocity of signal propagation, all the Lawrence- 
invariant equations may be divided into two classes: A) equations, the cha- 
racteristics of which do not differ from the characteristics of linear equations 
|&|=1; B) those where |€| is in general not equal to 1. 

To the first class belongs for example an equation of the following type: 


2 2 
(4) eee 


= aye, ane + Dip) = 9, 


(*) We limit ourselves to the one dimensional case, which is entirely sufficient 
for our purposes. 
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considered by ScHIFF in a number of his works [1, 4]. To the second class belong 
the equations of the electromagnetic field, equations which were suggested long 
ago by M. Born [2]. These equations follow from the variational principle (1) 
when K = 4(e?— H?) and I = (eH)?. 

For the one dimensional case these equations are: 


È de | de 0H , EL, 
(5) (1+ ce?) | «eH 3 «eH rai (1 — «H?) Dr (DE 
È, Coe HAS 

(5°) On sn Tn OF 


c=1 is the velocity of light in the vacuum, and «= (02L/0K?)/(0L/0K). 
HEISENBERG [3] recently considered a similar equation for the meson field g. 
It should be noted that the signal velocity É of these equations is obtained in 
the following form: 


(6) fa ce V1 + 20K apg | 
(1 + ap?) 


In the case of an electromagnetic field K = }(e2?— H?), p=e,q—=H. In 
the case of a meson field K = 3(p°?— 92), p = dp/%, q = Op/ew and È may 
be either less than the velocity of light in the vacuum or it may be greater. 


3. — Equations of Class A. 


Non-linear equations having characteristics È = + 1 naturally represent 
a theory entirely compatible with the theory of relativity. There may also 
be found variants (the selection of the function L) which give the limited self- 
energy of the particles. Therefore, such equations may serve as a basis for 
a classical non-linear field theory. These equations are also compatible with 
the usual rules of quantization: 


(7) [p(a, t), p(x’, t)] = 10(@— wv’). 


Nevertheless, they do not lead to a consistent quantum field theory that does 
not contain divergencies. The fact of the matter is that the zero energy E, 
of the field, in the case of non-linear theory, is not only infinite (as is the case 
also in linear theory), but is also non-additive to the energy of the excited 
states. 

In other words, the energy of a non-linear field cannot be represented as 
the sum of the energy of excitation e and the energy of the vacuum ,. 
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For this reason ScHIrF introduced a method of quantization of a non-linear 
field, the essence of which consists in substituting the continuous functions 
g(x) by the assembly of values g, in the nodes of a certain spatial lattice with 
a period 1 [4]. 

In the linear theory, this method would not be of any fundamental 
importance, since all the results of the theory would be retained. 

In the non-linear theory, the self-values of the energy of a field tend to co 
as exp[—3(n— 2)/(n+2)] for D = ag”. 

Whereas when 1/0, from the equations of the field 


QU 
8 ct = Als T 
(8) oa: 2, p 
where 
Il TT 
ae ZIE 2 fr LA 
(9) A, == Dk exp [ik(a,— 2,)], |El<37» 


it follows that, if p=a,-ò(t), then 
(10) ®:(+0)—@.(— 0) ar A gly F 0 ’ 


which signifies that the signal propagates through the lattice with an infi- 
nitely large velocity (though its intensity diminishes as the distance becomes 
larger than l|s— rl). 

Hence it follows that: either the self-values of the field diverge (€ > oo) 
or the theory becomes incompatible with the theory of relativity (the velocity 
of the signal |É|>1). That is, the theory acquires features of the non-local 
field theory. This, however, does not discredit the non-linear equations in 
themselves, since we may still count on the application of renormalization. 
For example, the Hamiltonian: 


(11) H = fata + 3Vp? + 30°%9° + tax?p*}, 
may be substituted by 
(11’) H* = | defi? + 3Vp? + 30°p? + tax?(p?— A)?} — E 


where A and E, are renormalizing constants. Following this course, we may 
obtain approximate self-values H*, if we borrow the value g? from linear theory; 
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we obtain: 
7 5 hw, i 
(12) È H* = > hom + ig ae 
k k @ 
(13) of = c? k? + ca*[1 + toh > (nijor)], @ = Vek? + cm. 
- 


It follows from the above that non-linear field theory does not of itself 
eliminate quantum divergencies, and requires additional procedures of the 
renormalization type. 


4, — Equations of Class B. 


The propagation of the field in this case is similar in several respects to 
hydrodynamics on the one hand, and to crystal optics on the other. The pos- 
sible equations in this class may be divided into two groups: 1) |E|<1; and 
2) |É| may also be greater than 1 (*). 

The equations of the first group do not contradict the theory of relativity, 
but of course lead to the same difficulties as the equations of class A do. For 
example, the M. Born (+) equations belong to this class. It should be noted 
that the application of these equations to an electromagnetic field is objected 
to because it is proved that the velocity of propagation of electromagnet ic 
signals close to the charges is not equal to the velocity of light. 

Therefore, the Einstein determination of time near the particles becomes inva- 
lid. One might expect that it would be possible to construct such a metrics that 
would preserve the relativistic requirement of the velocity of light being constant. 

However, such a metrics actually proves non-unique, since (as is the case 
in crystal optics) there is not one but several velocities of propagation of 
luminous signals. 

In a general case, there are also directions of propagation for which the 
characteristics are imaginary [6]. 

The second group of equations, in which the velocity of signal propagation 
may be greater than the velocity of light in the vacuum, has some features of 
the non-local theory and is incompatible with that form of causality on 
which the physical interpretation of the theory of relativity is essentially 
based. 

Thus, a very curious situation arises: the Lorentz invariancy of the varia- 


(*) A curious case is possible where the equation may become elliptic [5]. 
(+) V. V. OrLoy showed [6] that the Lagrangian given by M. Born is the only one 
which does not lead to the formation of field shock waves. 
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tional principle proves insufficient by itself for the compatibility of the field 
theory with the theory of relativity. 

It is still necessary to require that the propagation velocity of weak dis- 
continuities should always be less than the velocity of light in the vacum. 

Thus we see that non-linear field theories of the class B contain funda- 
mental difficulties prior to quantization, and that not any formally invariant 
non-linear field theory is compatible with the theory of relativity. 

Even in his first work dealing with the theory of relativity, A. EINSTEIN 
left the question of simultaneousness «in a point» for future investigators. 

It is hard to say whether the time has come for a critical revision of the 
conceptions of space, time and causality in the region of small scales. At any 
rate, if we take non-linear field theories seriously, they bring us right up to 
these problems. 
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1. — Introduction. 


A number of specific phenomena arise when particles of high or ultra high 
energy interact with nucleons or atomic nuclei. As an example of phenomena 
of this type one might mention the multiple particle creation, the nuclear 
cascade process, the peculiar energy distribution of secondary particles, the 
creation of particles of different masses etc. At these energies the parameters 
describing the intrinsic properties of nucleons and other elementary particles 
should be especially manifest, and the investigation of these properties is 
therefore undoubtedly one of the most acute problems of modern physics. 

It is just for these reasons that physicists are investigating most care- 
fully high and ultra high energy phenomena and in particular extensive air 
showhers. 

In this paper we present a short review of some of the experiments of 
Soviet physicists on extensive air showers carried out with the purpose of 
determining the main features of the interaction of ultra high energy 
particles with nucleons and atomic nuclei. 

The work was carried out by the Cosmic ray group of the P. N. Lebedev 
Institute of Physics of the Academy of Sciences of the USSR and of the 
Moscow State University, under the general supervision of the Academician 
D. V. SKOBEL’CYN. 
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Starting from 1945 the experiments were conducted at the Pamir mountains 
in the Central Asia at a height of 3860 meters above sea level. and in 
Moscow at sea level. 


2. — Extensive Air Showers. The Cascade Theory. 


As is well known, extensive air showers were discovered independently by 
AUGER and KOLHORSTER almost simultaneously with the appearance of the 
so-called cascade theory. 

As the overwhelming majority of shower particles was found to consist of 
electrons, positrons and photons, it was natural to assume that extensive 
Showers are giant electron-photon cascades produced in the atmosphere by 
ultra high energy electrons or positrons. This viewpoint was supported, in 
particular, by EULER. 

However, a detailed study of the phenomenon showed that one cannot 
even approximately explain the properties of extensive air showers by con- 
sidering only the electromagnetic processes of pair production and brems- 
strahlung. 

Experiments performed in our and other laboratories (in particular in that 
of Prof. Cocconr) established the existence of three classes of phenomena 
which the electromagnetic cascade theory is unable to explain. 

The first group of phenomena is related to the spatial distribution of shower 
particles. 

As early as 1942, D. V. SKOBEL’CYN noted [1] that AUGER’s experimental 
data corresponding to a counter separation of 300 meters do not agree well 
with what one would expect for pure electron-photon showers. Later on, 
in 1946, at the Pamir station, showers were recorded at counter separation 
up to 1km [2]. The shower rate could not be reconciled with the theoretical 
predictions of MoLIÈRE for the spatial distribution of electrons in electron- 
photon cascades [3]. These discrepancies prompted us to carry out further 
investigations on the structure of the showers. As a result of these investi- 
gations, which we describe below, it has become possible to explain some of the 
shower peculiarities. 

The second group of phenomena which the electromagnetic cascade theory 
is unable to explain is connected with the altitude dependence of the showers. 
It is well known that the distribution of showers with respect to the particle 
density can be expressed by the relation 


C(o) ~ o*** do A 


According to cascade theory, x = y/S, where y is the exponent in the primary 
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particle energy spectrum and S is the well known parameter of cascade theory 
associated with the degree of shower development. 

It follows that the density distribution of showers or, as it is called, the 
shower density spectrum, should vary with altitude. This means that the 
shower altitude curve should depend on the density of the primary energy spec- 
trum selected by the experimental arrangement. Thus, according to cascade 
theory, the change of shower frequency between 3860 mand sea level should 
be three times greater for showers with a density of 3 particles/m? than tor 
showers of 300 particles/m?. This is a reliable theoretical conclusion and 
it cannot be modified even by a refinement of the theory, in particular, by 
changing the magnitude of radiation unit. 

The experiments, however, do not reveal practically any relation between 
the altitude dependence of showers and the particle density. This can be seen 
from our data obtained by varying the counter 
area [1] at two different altitudes, the other con- 
ditions being identical. 

Shower density spectra derived from these 
experimental data are shown in Fig. 1. The loga- 
rithm of the number 0(> 0) of showers per hour 
possessing a density exceeding a given value is 
plotted against the logarithm of the shower par- 
ticle density 0, expressed in particles/m?. The 
upper curve refers to the altitude of 3680 m, the 
lower (full) curve to sea level. As it can be seen 
from the Fig. 1, both curves are practically parallel 
over a broad density region. 

The dashed curve gives the relation between 
O(> 0) and 0 computed from cascade theory on 
the basis of data obtained at 3860 m. It can be Lila Beall Mis He ast 159/02) 
seen from the figure that the discrepancy between 
the theoretical and experimental results is far 
beyond the experimental errors. 

This signifies that, contrary to the predictions of cascade theory the in- 
crease of the shower intensity with altitude is independent of the particle density. 

The data on the composition of extensive showers also sharply contradict 
the cascade theory. Already DAUDIN and other pioneer investigators of 
showers [5] were able to demonstrate the presence of a small portion of 
penetrating particles which could not be identified with the electron-photon 
component. 

In order to obtain more quantitative information on the number of these 
penetrating particles it seemed desirable to use counters surrounded by lead 
shields sufficiently thick to stop all shower electrons. Accordingly in 1946 
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and 1947 absorption experiments with lead and aluminium filters [6] were 
carried out at the Pamir station. The results are shown in Fig. 2. The loga- 
rithm of the triple counting rate in three counter sets arranged at the corners 

of a triangle of 1.6 m side is plotted against 


{ 1096; the thickness of the lead shields over the 
counter trays. 
2} As can be seen from the figure, the 


absorption of shower particles is rapid up to 
20 cm Pb and only after 24 cm Pb it beco- 
mes small. | 

4 In order to check that the particles pene- 
trating 16 cm Pb but absorbed in thicker 
filters are electrons and photons and not low 


ol N 4 i6cmPb+20cm AI energy mesons, an aluminium filter, equiva- 
} I lent to 8 cm Pb with respect to ionization 

losses, was placed over the 16 cm Pb absorber. 

we This aluminium layer was found to absorb the 
ua shower particles just in accordance with the 
Fig. 2. value of its thiekness measured in radiation 


units (the corresponding point is designated 
by a triangle in Fig. 2). Therefore the absorption is not due to ionigation 
losses. 

These experiments also show that a small amount of weakly absorbed 
particles which can penetrate through 24 cm Pb are present in the shower. 
Similar experiments were carried out by Cocconi and co-workers: they arri- 
ved at the same conclusions [7]. 

Penetrating shower particles were usually considered as playing an insi- 
gnificant role in the showers and as being only a small admixture in the electron- 
photon part of the shower. 

Moreover some authors even assumed that no penetrating particles are 
present in air showers and that the particles recorded by shielded counters 
are generated in the shielder [8]. 

The first experiments which proved the fallacy of these assumptions were 
carried out at the Pamir station in 1947 [9]. These experiments and also those 
that followed them [10] showed that the fraction of penetrating particles incre- 
ases with the distance from the shower core and this is inconsistent with the as- 
sumption of the local creation of penetrating particles. Moreover, the experi- 
ments showed that the remote periphery of the shower consists mainly of 
u-mesons and of equilibrium electrons. A summary of the results of the in- 
vestigation of this problem during the last few years at the Pamir station is 
presented in Fig. 3. The results were obtained by the method of « corre- 
lated hodoscopes » described below. The logarithm of the fraction of pene- 
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trating particles (expressed in %) is plotted against the distance from the 
shower axis (in meters). Triangles and crosses refer to different series of 
experiments. The squares are Cocconr’s data [11]. The slow decrease of the 
u-meson density with the distance 

from the shower axis leads to the A t09¢ P82) 

result that the overwhelming majo- ** 
rity of mesons is present in the re- ye eka 
mote periphery of the shower and | 236 
theretore is not recorded by closely 10 | 

spaced counter systems. As a whole, vias 

penetrating particles represent over È 

10% of the total amount of shower 1,0 20 20 log 
particles at sea level. As the average 
energy of the shower particles ex- a 

ceeds by at least one order of ma- a 

gnitude that of the electrons and sol 

photons, this signifies that the total Fig. 3. 

energy carried by the penetrating 

particles is higher than that of the electron-photon component. Thus the 
penetrating particles are of major importance in showers. 


3. — The “ Nuclear Cascade ,, Hypothesis. 


An analysis of these discrepancies between the experimental results and 
the predictions of cascade theory and also of the data on electron-nuclear sho- 
wers [12] obtained at the Pamir station, led in 1948 one of the authors to 
propose the nuclear-cascade hypothesis of shower development [13]; this 
hypothesis has now received general recognition. 

Cocconi independently arrived at a similar picture of the shower develop- 
ment [14]. 

As is well known, the essence of this scheme is the following: primary protons 
of ultra high energy collide with the nuclei of air and create an electron-nuclear 
shower; the latter consists of secondary nucleons (also of ultra-high or high 
energy) and of charged and neutral x-mesons. Finally there is also present 
a small amount of other types of mesons which at sufficiently high energies 
apparently interact with nuclei with a geometrical cross-section. At lower 
energies these particles decay into z- or u-mesons. 

The secondary nucleons and other nuclear-active particles passing through 
the atmosphere form new electron-nuclear showers of the same type etc. 

Decaying neutral z-mesons give rise to the electron-photon component; 
charged x-mesons may either decay and thus form the nuclear-inactive 
particles of the extensive showers, or else create new electron-nuclear showers. 
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Thus, in accordance with this nuclear-cascade scheme, the extensive atmo- 
spheric showers may be considered as consisting of two parts: a cascade 
of nuclear-active particles forming the skeleton of the shower, and the 
electron-photon cascade which over the full path of the shower in the 
atmosphere derives its energy (through 7°-mesons) from the nuclear-active 
particles. 

The role of the nuclear cascade process at various stages of development 
of the shower could be different depending on the nature of the elementary act 
of this process and also on the effective « threshold » of formation of the ele- 
ctron-nuclear shower. However, direct experimental investigation of the com- 
position of the penetrating component of atmospheric showers performed by 
us at sea-level (see below) indicate that even in late stages of shower deve- 
lopment the fraction of nuclear-active particles (i.e. of penetrating particles, 
generating electron-nuclear showers) does not decrease; this means that the 
nuclear cascade process is decisive at all the studied stages ot development 
of the showers. 

Without dwelling to compare this scheme with experiment (*) we may 
note that it yields a natural and simple explanation of the peculiarities of the 
spatial distribution of the shower particles, of the altitude dependence and 
of the particle composition of the showers (+). 

However, in order to turn from this qualitative picture to a quantitative 
examination of the phenomenon or, what is most important, to a study of the 
properties of the elementary interaction act at ultra high energies on the basis 
of shower data, it was necessary to obtain detailed information on the pro- 
perties of the showers themselves. This in turn led to the necessity of sub- 
stantial improvement of the experimental methods. 


4. — The Method of “ Correlated Hodoscopes ”. 


The experiments carried out in the early stages of investigation of 
showers yielded only quantities which represented the average for a number 
of showers. As an example one may mention the « decoherence curve » i.e. the 
dependence of the coincidence rate on the distance between the counters. 
However, this approach is unsatisfactory if one wishes to obtain detailed data 
on the showers created by primary particles of given energy. In this con- 


(*) Experiments carried out at the Pamir station in 1947-1948 [15] confirmed the 
main feature of this scheme, i. e. the existence of high energy nuclear-active particles 
in extensive air showers. 

(+) For details see our survey in Uspehi Fiziceskih Nauk, 49, 185 (1953). 
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nection a new method permitting the investigation o. separate showers has 
been applied by us of late. We call this method the method of « correlated 
hodoscopes ». In its first variant it was used by us at the Pamir station in 
1950 [16]. 

The essence of the method is the following. Shower particles are detected 
by a large number of counter sets located at a certain distance from each other. 
Each counter is connected to a corresponding hodoscope cell containing a 
neon lamp. When the master counters discharge, the neon lamps connected 
to counters discharging simultaneously with the master counters give a short 
flash which is photographed on a moving film. If the number of counter 
sets and the number of counters in each set is sufficiently high, the method of 
correlated hodoscopes will permit one to obtain a true picture of the shower 
density almost over a continuous and comparatively large region. 

It is easy to see that compared to the « core-selector » method described 
in the literature [11], the method of «correlated hodoscopes » has some distinct 
advantages. Thus the position of the shower axis can be determined with 
much higher accuracy (by placing the counter trays at small distances from 
each other) and this facilitates the study of the shower structure near the 
axis. On the other hand, the investigation of remote parts of the showers can 
be carried out with widely separated counter trays and this considerably in- 
creases the « aperture ratio » of the method. Thus the time necessary to obtain 
a given statistical accuracy is by tens of times smaller in the method of « corre- 
lated hodoscopes » than in the «core-selector» method. 

However, in order to get a detailed picture ot the shower, the number of 
hodoscope counters must be very large. Therefore, if hundreds or even 
thousands of counters are used, it is very essential that each hodoscope system. 
be as simple as possible, reliable, compact and cheap. The experiments per- 
formed in our laboratory (and described below) were possible in consequence 
of the development of a very simple hodoscope system. These hodoscopes, 
designed by L. N. KORABLEV [17], contain in each cell only one neon lamp 
with three-electrodes, five small condensers and three resistances. No 
conventional radio tubes are used. A photograph of a hodoscope cell con- 
taining 12 counters is shown in Fig. 4. A hodoscope photograph of an extensive 
shower is shown in the same figure. Approximately 1000 counters were photo- 
graphed simultaneously. 

The method of correlated hodoscopes permits one to identify each shower 
with a high degree of accuracy, i.e. to determine the position of the shower 
axis and the total number of shower particles. Knowing the total number of 
particles one can then determine the energy of the primary particle. 

Tt should be noted that with the help of correlated hodoscopes the structure 
of showers with very different number of particles (from 104 to 10° particles) 
can be investigated; moreover, the distance from the axis can be varied from 
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~ 10 cm up to several kilometers. Using the method described above a detailed 
study of the structure of extensive air showers was carried out during 1950-1954 
at the Pamir station (3860 m) and in Moscow (sea level), by measuring 
the spatial distribution of the particle density. 


23 45 6.7 8 9 10 


The counter arrangement used in the 1952 experiments at the Pamir 
station is shown in Fig. 5. Altogether 1500 hodoscope counters were used, 
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these being divided into 22 sets. The majority of sets contained 48 counters 
of various areas. The shower particle density of any given point could be 
determined with an accuracy of 30% from the number of counters trigge- 


Fig. 5. 


red in each tray. The error in determining the position of the shower axis 
did not exceed 1 meter. In some cases several counter trays were placed in- 


side a thick lead block, thereby separa- 
ting nuclear-active from nuclear-inactive 
penetrating particles. 

Tn our latest experiments the number 
of hodoscope counters has been increased 
up to 2500. 

An example of the spatial distribu- 
tion of counters discharged by a shower 
is shown in Fig. 6. Rectangles represent 
hodoscope counter sets; the number of 
black points in the rectangles and the 
figures represent the shower particle den- 
sity at the given point. 


5. — Results. 


In Fig. 7 the shower data are pre- 
sented in graphical form. The ordinates 


Fig. 7. 


give the logarithm of the density of particles, the abscissae are the logarithm 


of the distance from the axis (in meters). 


Our results indicate that at mountain heights the spatial distribu- 
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tion of the particles’ density can be expressed by a formula of the form 
p-0.95È0,05) if the distance from the shower axis lies between 2 and 10 
meters; it is (exp [—7/80])/r for distances of the order of tens of meters, 
and r-* for distances of the order of hundreds of meters (200800 m). 

Experiments show that the spatial distribution for (2 <7 < 10 m) is insen- 
sitive to variations ot the energy of the primary particles. 

Thus, even if this energy changes by 
F109 e tens of times, the spatial distribution can 
be expressed by a law of the form r-* 
K irrespective of the shower energy. The 
LS: spatial distribution of particles in showers 
de Nu formed by primaries of various energies H, 
is represented in Fig. 8; it will be noticed 
rob N that all the values fit satisfactorily 
» the same curve. In the graph the loga- 
Sh rithm of the density of particles is plotted 
| against the logarithm of the distance from 
Fi N log r the axis. Triangles refer to showers with 
total number of particles N = 2-104 
(E, > 5-108 eV), points to N = 7-104 
(Bo 1—2-10" eV), crosses to N = 6-605 
(E, 1035 eV). The curves are fitted at the 9 meter point. 

Similar measurements, performed at sea level, showed that the spatial 
distribution of shower particles (for a total number of shower particles between 
N= 4-10* and N= 4-105) can be expressed by the law 1/r for distances of 
the order of a meter and by the law (exp[—r/55])/r for that of tens of meters; 
when 7 is of the order of hundreds of meters the law is correspondingly 1/r?-°. 
These data also show that, excluding the far periphery of the shower, the 
spatial distribution at high altitudes as well as at sea level can be expressed by 
the same formula, on the condition that lengths are expressed in cascade 
theory radiation units. 

The spatial ditribution of penetrating particles was also studied; the central 
and remote parts of the shower were investigated, nuclear-active particles being 
measured separately from nuclear-inactive particles. 

Results obtained at the Pamir station for small distances from the axes 
of the showers can be represented by the curves plotted in Fig. 9; curve 1 re- 
presents the density of nuclear-active particles, curve 2, that of u-mesons. 
The different character of the two curves is easily noticeable. At distances 
r< 10 m the density of nuclear-active particles exceeds that of u-mesons, 
and the latter ceases to rise with decreasing r. At sea level the curves are 
similar, but the relative number of u-mesons is larger by two times. 

At small distances from the shower axis (2m<7r< 10m) the density of 
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nuclear active particles follows the law r~! at high altitudes as well as at sea level. 
According to our data, the energy distribution of nuclear-active particles falls 
off even more steeply. This result shows that energetic nuclear-active part- 
icles are present in shower cores even at 

sea level, their relative number (with re-  ~ 4 eg 


logeano 


spect to the total number of charged 
particles) in this shower region being about 
the same (~ 1%) at various altitudes. 

Nuclear collisions resulting in 7°-meson 
formation take place throughout the at- 
mosphere and the electron-photon compo- 
nent of the shower is thus continuously 
represented; this explains why the function 
giving the spatial distribution of the par- 
ticles is independent of the altitude. This 
absence of shower «aging» sharply con- 
tradicts the electromagnetic cascade theo- = 7 
ry, according to which in thecentral regions À 
of the shower the spatial distribution of 
the particles should have the form 1/r°~”. Fig. 9. 

The value of S increases as the shower 

penetrates the atmosphere and therefore in its central regions the shower 
should «smear out». Our results however do not reveal any such « smear- 
ing out ». 

The spatial distribution of shower particles near the shower axis (r < 2m) 
was investigated by us in 1953 at an altitude of 3860 m; showers with total 
number of particles N = 8-104 were studied with the help of « correlated 
hodoscopes » containing a large number of small counters arranged ‘inside a 
circle of diameter — 3 m [19] . 

In agreement with Hazmn’s results [20] obtained by a different method, 
it was found that for showers with a number of particles close to the above 
mentioned value, e(r)~7-% if 0.3m<r<1m. The region Im<r< 2m is 
an intermediate one, the density law changing from —r7®5 to — r°. 


20 logr 
— > 


6. — Conclusions. 


The foregoing experimental data on the structure of extensive air showers. 
enable us to draw some important conclusions about the nature of the ele- 
mentary interaction process for ultra high energy particles. 

We shall first consider the conclusions referring to the angular distri- 
bution of particles produced in the elementary interaction process. 
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The decrease of the shower density as r-1 for 2m<r< 10m corresponds to 
such a spatial distribution of shower electrons (at the maximum shower deve- 
lopment) that can be explained only by assuming multiple Coulomb scattering. 
Thus nuclear processes do not affect the electron divergence. This signifies 
that the angles of ejection of high energy particles produced in nuclear col- 
lisions are small. It can be shown [21] that the divergence of particles created 
in collisions of primary protons with the nuclei of the athmosphere will not 
influence the spatial distribution of the shower electrons only on the con- 
dition that the density of the energy flux of the particles decreases with 
the angle 9 of emission more rapidly than 6-1 for all angles larger than 
0.in = *nin/7; according to our data, 7, = 2m (region in which g(r) begins 
to take the form 1/r). H is the distance between the point of the proton- 
nucleon collision and the point at which the shower is recorded. A value of 
H=1.5:10' m can be accepted and hence 6,,, = 10-4. 

A better conception of the elementary act can be obtained by considering 
the process in the center of mass system of the colliding particles. 

For small angles 6 the change from the laboratory system to the center- 
of-mass system can be carried out by using the relation: 0, = 2y,6,, 


in 


where y, =v. E,|/2Mc®. Here H is the primary particle energy and M is the 
mass of particle initially at rest; collisions with this particle lead to the form- 
ation of secondary particles. 

Assuming 2, 10! eV and taking for M the mass of the nucleon column 
with which the primary nucleon collided in the air nuclei, one obtains 0, ~ 2°. 
Even if one puts M equal to the mass of a single nucleon it will be found 
that 0 ~ 40. 

Thus the density of the energy flux of secondaries produced by primaries 
of 10! eV falls off with the divergence angle more rapidly than 07° (for 
0 = 4°). This means that in the center of mass system the secondary par- 
ticles are ejected in a very asymmetrical manner (*). 

This conclusion is in sharp contradiction with the theory of FERMI [22], 
which treats the interaction of nucleons at high and ultra high energies from a 
statistical and thermodynamical viewpoint. According to FERMI, head-on col- 
lisions should lead to an isotropic distribution of the particles in the c. m. sy- 
stem. Forward and backward directions will predominate if collisions with finite 
impact parameter are taken into account. However, the calculations of I. L. 
RozeNTAL' and D. S. CERNAVSKIJ [23] show that, according to Fermi’s theory, 
the decrease of the energy flux density should be slower than 0-1 up to angles 
corresponding approximately to r~9m. Thus, even if non-central collisions 


(*) Asymmetry in the center of mass system of the colliding particles does not, 
of course, contradict the limiting case in which most of the energy of the incident 
particle is transmitted to a single secondary particle. 
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are taken into account, Fermi’s theory still contradicts the experimental facts. 

Fermi’s theory, as is well known, is not a consistent theory inasmuch as 
it does not take into account the interaction of the particles created. An 
important development of Fermi’s theory was made by L. D. LanpAU [24]; 
collisions of two nucleons were described by using the equations of relativistic 
hydrodynamics, allowance being made for the interaction of the emitted part- 
icles. The angular distribution of the secondaries is very different in Landau’s 
and Fermi’s theories. According to LANDAU, in the c. m. system the energy flux 
density should be very high near the collision axis (because of strong depen- 
dence of the particle energy on the angle of ejection). The energy flux density 
should increase as the angle relative to the collision axis decreases, and this 
should be true down to small angles 0, of the order (Mc?/E,)*. If the shower 
is produced by a primary particle of energy E = 10" eV, the angle defining 
the region in which the energy flux density is constant will be less than 1° in 
the c. m. system; beginning with an angle 6 of the order of 1° the energy flux 
density decreases more rapidly than 6-1 and for 0 > 4° the decrease is faster 
than 0-2. A nuclear-cascade computation of the shower development and also 
the experimental data are not sufficient to permit one to carry out a quanti- 
tative comparison of the experimental data with Landau’s theory on the angular 
distribution of particles participating in the elementary interaction act. How- 
ever, it should be clear from the foregoing that Landau’s theory yields a better 
description of the elementary interaction at ultra-high energies than does Fermi’s 
original theory which sharply contradicts the experimental results. 

From an analysis of our data on extensive air showers one is also able to 
draw some important conclusions relating to the distribution of energy between 
particles produced in the elementary interaction act. 

In a first approximation this problem has been solved for intermediate 
energies by S. N. VEeRNov, N. L. GRIGOROV and collaborators [25, 26]. 

These authors made a detailed analysis of the data on the transition effect of 
the soft component in the stratosphere at various latitudes and also of the data 
on ionization bursts. It was convincingly shown that only about 30% of the 
energy of primary protons of ~ 101 eV is transmitted to mesons and slow 
secondary nucleons produced in single nuclear interactions. The main part 
of the primary particle energy (~ 70%) is retained by a single nucleon (which 
can undergo charge exchange). Thus, at energies ~ 10% eV, the partition of 
the primary particle energy is very weak. 

As was mentioned above, the development of a real shower in the atmo- 
sphere considerably differs from what one would expect for an electron-photon 
cascade. In showers created by primaries of 3-10!8 +101 eV and consisting of 
104 =10° particles, the difference of the number of particles between high alti- 
tudes and sea level is much less than that theoretically predicted for electron- 
photon cascades. This undoubtedly is due to continuous « rejuvenation » of the 


648 N. A. DOBROTIN, G. T. ZACEPIN, S. I. NIKOL'SKIJ and G. B. HRISTIANSEN 


shower at expense of the energy of nuclear-active particles. The fact that even 
at sea level the central region of the shower does not «smear out» shows that 
most of the energy transferred to 7°-mesons from the nuclear-active component 
is located in 7°-mesons of high energy (E > 10!° eV) near the shower axis (not 
tarther than 1 m from it). This can be possible only if the greater part of the 
energy of the nuclear-active shower component is carried by particles of very 
high energy which one can estimate to be larger than 10!!—-10!° eV. We thus 
arrive at the conclusion that the energy of nuclear-active shower particles at 
sea level (i.e. after a path of about 15 nuclear interaction lengths) will differ 
from the primary particle energy by a factor of only 10? --108. Assuming that 
in each collision a certain fraction of the energy is given to the secondary part- 
icle, we find from the relation x!5= 10-73 that x = 0.6. This forces us to con- 
clude that in nuclear collisions even very energetic nucleons retain most of 
the initial energy. 

Experimental data on the absorption of single high energy nuclear-active 
particles also permits one to approach the problem of the degree of energy part- 
ition in nuclear collisions [27]; the reason for this is that the relation between 
the absorption (4,,,) and interaction (A,,,,,) paths is dependent on the probability 
of creation of nuclear-active particles possessing energies close to that which 
the particle had previous to the collision. 

The absorption of nuclear-active particles of ~ 1012 eV energy was inves- 
tigated experimentally by K. P. RyZkova and L. I. SaryGnyva in 1952 [28]. 
The particles were selected by recording the showers produced by them in 
the absorbers. It was found that the absorption path 4,,, for particles pos- 
sessing an energy 101? eV is 1/u,,, = (112-+11) g/cm?. For nuclear-active part- 
icles of smaller energy (101° -—10! eV) the absorption path determined with 
the same apparatus was found to equal 1/u,,, = (130+3) g/em? which agrees 
with the results of other authors. The absorption path of particles of 101? eV 
obtained by KAPLON et al. [29] using emulsion chambers (1/u,,,~ 120 g/cm?) 
does not, at any rate, contradict the results of RyZKova and SARYGEVA. 

The values of the absorption path should be compared with the interaction 
path of nuclear-active particles in media possessing an atomic number close 
to the mean atomic number of air. 

We may cite in particular the value of /,,,,, measured in graphite at the 
Pamir station by A. L. LJuBIMov [30] which is ot (70 +5) g/em?. 

As is well known, 4,,, and yu,,,,. are related by the following formula 


Paps aa inter fel fi A(£)] >, 


The quantity /(£) accounts for the fact that particles of a given energy are not 
only absorbed, but may also be created in high energy collisions. In view of 
the sharp decrease of the energy spectrum of nuclear-active particles in the 


li 


INTERACTION OF ULTRA HIGH ENERGY PARTICLES ETC. 649 


atmosphere (F(Z) — E-”, where y = 1.5) the quantity A(H) will be sensitive to 
the probability of transfer of a considerable fraction of the energy of the generat- 
ing nucleon to one of the secondary particles. From the data presented above 
it can be seen that A depends only weakly on the energy of the interacting part- 
icle: at E = 10! eV, A=0.5+0.05, and at E=10!° eV, 4A=0.6 + 0.06. 

It was mentioned above that VERNov, Gricoroy et al. established that 
when nucleons having energies E ~10' eV interact with light atomic 
nuclei, approximately 2/3 of the primary particle energy is retained by one 
of the secondary nucleons. The fact that A practically does not change (*) 
when E changes between 10” and 10% eV, also indicates that in the region 
of E ~ 102 eV most of the primary particle energy is retained by one of the 
secondary particles. 

At the same time it can be shown that these particles are not 7-mesons 
or any other type of short-lived meson which emits a u-meson on disintegr- 
ation. This follows from a comparison of the intensity of the high energy 
primary particles with that of u-mesons possessing the same energy. Com- 
putations show that on the average even the fastest m-meson created in a 
nuclear collision receives less than 1/7 of the energy of the incident nucleon. 

One thus arrives at the conclusion that it is exactly the nucleons which 
retain the main part of the energy after collision. 

The high degree of concentration of energy in a single secondary particle, 
and also the angular distribution of the energy flux of the secondary particle do 
not agree with the initial assumptions of the Fermi theory. The formation of 
secondary particles by decaying Fermi systems is determined by the statis- 
tical weights of the possible states. Without further argument, it is clear that 
this type of elementary process cannot explain the high degree of energy con- 
centration in a single particle, or the fact that this fraction is independent of 
the energy of the colliding nucleons. 

A more consistent treatment of the nucleon collision process also substan- 
tially changes the prediction relating to the energy distribution of secondary 
particles. According to Landau’s hydrodynamic treatment of two-particle 
collisions, a considerable fraction of the primary particle energy is concentrated 
in the forward wave front moving in the system of the interacting nucleons, 
and therefore the energy is localized in only a few secondary particles. 

The theory can be checked by comparing the calculations with the experi- 
mental data. It was noted above that the absorption coefficients substantially 
depend on the concentration of energy in separate particles. The absorption 
curve for high energy nuclear-active particles in the atmosphere and also the 


(*) Assuming that: 1) the effective nucleon interaction cross-section is almost cons- 
tant up to 1012 eV and 2) the fraction of energy transferred in the collision does not 
decrease. 
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altitude dependence of extensive air showers [34] were computed on the 
basis of the energy distribution obtained in Landau’s theory by using the 
«successive generation » method [31-33]. It was assumed in the calculation 
that the nuclear collision effective cross-section remains equal to the « geo- 
metrical cross-section » (1/y,,,,, = 65 g/Cm?) up to the very highest energies. 

These calculations give better agreement with the experimental data than 
similar calculations based on Fermi’s theory. However the discrepancy which 
still remains indicates that the energy concentrated in one of the secondary 
particles is really larger than that one would expect from Landau’s theory. 
Moreover, although in Landau’s theory the probability of energy concentration 
in a single particle decreases with increasing energy of the colliding particles 
more slowly than in Fermi’s theory, the discrepancies that this theory does not. 
remove seem to show that the dependence is even weaker (if it exists at all). 

There is no doubt that further theoretical work and accumulation of new 
experimental evidence will permit more quantitative comparison of theory and 
experiment; this should yield some important information about the elemen- 
tary interaction process at ultra high energies. However already at the pre- 
sent time it can be stated that investigations of extensive air showers have 
established the following facts relating to the elementary nuclear interaction 
process at high and ultra high energies. 


1) The effective interaction cross-section is close to the geometrical value 
up to the highest energies known (1017—1018 eV). 


2) The multiplicity (number of secondaries created in one act) increases. 
with the primary particle energy; the experimental evidence can be repre- 
sented by a relation of the form n~ E,*. 


3) In the center of mass system, the angular distribution of secondary 
particles produced by high and ultra high energy particles is strikingly anisotro- 
pic with a predominance of particles moving in backward and forward directions. 


4) Most of the primary particle energy (in the laboratory system) is con- 
centrated in one or, at any rate, in only a few nucleons; this is true not only for 
particles of intermediate energy but also for high and ultra high energy particles.. 
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CoNTENTS. — 1. Introduction. — 2. Electromagnetic phenomena accom- 
panying nuclear collisions. — 3. Purely electromagnetic processes. — 


4. Nuclear phenomena. — 5. Conclusions. 


1. — Introduction. 


This is a survey of a series of theoretical papers by various authors [1-10] 
published during the last two years. Unified by a common physical idea, they 
pertain however to rather different particular phenomena. The problem is 
being developed further in the direction of including more particular pheno- 
mena, as well as along the line of generalization and improvement of the 
method. 

We consider processes, arising in the course of collisions of high energy part- 
icles, mainly above 10% eV (in some cases peculiarities of the phenomenon 
appear only for energies, exceeding 1012 eV). We hope however that similar 
phenomena may occur at any energies. We keep in mind inelastic collis- 
ions, electromagnetic bremsstrahlung, z-meson pair formation by photons, 
splitting of fast deuterons etc. The processes under consideration are unified 
by the fact that all of them are connected with a diffraction of the particles on 
a target, this target playing the part of a « third body ». It may be for instance 
a «macroscopic » collection of other particles (bremsstrahlung of an electron 
in a medium, in particular in a crystal lattice; electromagnetic radiation 
accompanying diffraction of a 7-meson by a nucleus ete.). It should be empha- 
sized that energies are supposed to be so high, that all wave lengths are much 
smaller than the lattice constant, the radius of the nucleus, and so on. Ne- 
vertheless, diffraction phenomena are of the utmost value. This peculiarity 
first of all demands clarification. 
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The formal basis of the investigation is given by the following circumstance, 
which, we believe, has not yet attracted due attention. When energy inc- 
reases, the angle of divergence of the particles involved in the collision dimin- 
ishes. This leads to a decrease of the longitudinal component q, of the momen- 
tum gq, transferred to the « third body » (the crystal lattice, the nucleus etc.). 
For sufficiently high energies q, may become small, as compared to the inverse 
value of the characteristic dimensions of the «third body », of the distance 
between atoms or of the nuclear radius R. In other words, for sufficiently high 
energy either of the following conditions may be fullfilled: 


(1a) qa <1, 
or 
(1b) ql le 


According to indeterminacy relations, this means that the effective di- 
mension of the essential region of space involved (*), 


becomes very large as compared to a or R, however small the wave length 
may be (cfr. X-ray diffraction on diffraction grating for glancing incidence, 
diffraction of light on the moon’s edge etc.). Such region may contain in the 
case of electron bremsstrahlung many atoms, in the case of collision with a 
nucleus this nucleus as a whole. 

This peculiarity has different influence on different phenomena and is used 
in the development of their theories in different ways. 

On one side, it is important that besides the « third body », usually taken 
into account, other particles of the medium play equal part, and the inter- 
action with all of them occurs simultaneously. Therefore, the process in the 
medium will differ from that occurring on an isolated body. This turns out 
especially important for purely electromagnetic processes: bremsstrahlung of 
an electron in the Coulomb field ot a nucleus etc. (compare, however, sec- 
tion 43 of the present paper). 

On the other side, if we deal with a process in which within the whole region 
there is a single body, the nucleus, for instance, then the scattering action of 
the body on other particles involved must be known only at large distances. 
The process is « external» with respect to the body. Here this action may 
be described phenomenologically, using for example the formulas of the dif- 
fraction theory, or some kind of independent evidences on the behaviour of 


(*) A=c=1. 
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the scattered particles at a distance from the nucleus (radiation of a-photon 
by a z-meson interacting with a nucleus etc.). 

Let us consider the problems of the first kind. When an electron of 
energy È (its rest mass equal m, momentum p) suffers a bremsstrahlung (photon 
momentum k), then the momentum gq transferred to nucleus has two components: 
the transversal one q, which is of the order of m (this may be seen by the fact 
that the divergence angle of particles involved is of the order of or less than 
q,/p~ m/E), and the longitudinal one, which for zero angle of divergence, equals 

mk 


=VE:= n VEC SR IE 
(3) CI] m ( en EE — %) 


(as long as the order of magnitude is considered this expression for q, holds 
not only for 6 = 0, but for the whole essential range of angles 0-m/E 
as well). 

The motion of the electron and of the quantum throughout the whole 
region of space stretched along p over the length 1/q) ~ 2E(E — k)/m?k 
tells on the emission essentially. Here at least the following phenomena shouid 
by mentioned. 

1) If # is sufficiently large (or k sufficiently small) for the condition (1a) 
to by fulfilled, the bremsstrahlung of a particle moving along some crystallo- 
graphic axis of the crystal will be affected by a common (coherent) action of 
all the V,,, nuclei, situated within the section 1/q, 


: & 1 
(4) N citi sgarro 

qa 
This means that the effective charge of a scattering center is V,,,:Ze, instead 
of Ze, and the cross-section for the phenomenon is proportional to N° 


aap be WINE 
bremsstrahlung maxima of interferential origin will arise. 


2) When moving in an amorphous, as well as in a crystalline medium, 
in the case of sufficiently high £ or sufficiently low k the electron may suffer, 
over the path equal to 1/q), enough multiple scatterings to go out of the angle 
of the order of m/E. Therefore, the process of emission will be disturbed. 
Thus the bremsstrahlung in the medium must decrease when the energy sur- 
passes some large value. 

3) Both effects must tell on production of electron pairs, practically 
in the same conditions, since the interactions of pair components with the third 
body have the same features. 

4) For soft bremsstrahlung photons the deviation from unity of the 
refractive index of the medium y/e may tell. Over such a long path r,,,= 1/9} 
the additional phase shift of the photon 


(5) (V/e—1) ken » 
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may increase sufficiently to destroy the coherence over the path and there- 
fore destroy completely the whole process of radiation. 

Let us turn now to nuclear interactions, in which case the most important 
is not the action of the medium, but the fact that the process is external with 
respect to the nucleus. 

If a particle capable of nuclear interactions strikes the nucleus, it may 
emit a photon (if the particle possesses an electric charge), or a m-meson (part- 
icularly if the particle is a nucleon). For instance, if a charged 7-meson 
(energy H, rest mass w) impinging on a nucleus emits a photon having momen- 
tum k, then for a zero angle of divergence (neglecting the recoil of the nucleus) 


1 OAs 
(6) Wi ~ SRG * 

If E is sufficiently high or k sufficiently low to satisfy the inequality (1b), 
then the essential region of space becomes much larger than the dimensions 
of the nucleus. The nucleus acts as a whole, while the formation of quanta 
will proceed at large distances from the nucleus. 

This process may be clarified in another way. The possibility of absorption 
of a x-meson by the nucleus means that the diffraction of the x-meson by the 
nucleus must occur as well. In the course of the diffraction, the meson acquires 
some transverse recoil momentum, which equals g, = p0 and for sufficiently 
large angles 0 is sufficient to cause the emission of a photon. 

In the high energy region, diffraction may be considered as caused by a 
black sphere. When the wave length of the meson is small enough, the Kirch- 
hoff approximation of the diffraction theory may be used. 


6) Quite similarly, a semi-phenomenological treatment of 7-meson pair 
formation by a photon on a nucleon may be given. 


7) If a nucleon of high energy H (rest mass M) interacts with a nucleus, 


then it may emit a x-meson (energy E_). For small angles 


—_ ME, we 


(7) q) = VE: Me —V (E— E} M°-VE,—u —_ +, 


If the condition (1b) is satisfied, then the possibility of external production 
of x-mesons arises. In this case the scattering of the nucleon, as well as that 
of the meson must be phenomenologically taken into account. 


8) If a fast nonrelativistic nucleus, for instance a deuteron, strikes a 
target’s nucleus, diffraction must take place.. Therefore, the striking nucleus 
acquires a transversal momentum and thus its splitting, which may be 
called diffractive or external splitting, may occur (quite apart from the splitting 
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caused by the nuclear electrostatic field). For example, for a deuteron with 
kinetic energy H (its binding energy being «,), assuming energies of the out- 
going proton and neutron to be equal (this assumption is proved by sub- 
sequent calculations) we have: 


(8) "FT = 2(2M — ¢,)E —2V2M4(E — «,) ee E. 


The condition (1b) may be satisfied even for energies exceeding few MeV. 

In all the processes (5)-(8), in which the nucleus acts as a whole, the char- 
acteristic feature is that it acquires the transferred momentum as a whole 
as well. Assuming that q 2A; q, +9] = q;, is not very large, namely that 
q, <p (this is particularly necessary if we want to consider the nucleus as 
having an abrupt edge), we may conclude that the energy acquired by the 
nucleus (its atomic weight being A) equals 


q? u 12 MeV 
(9) MARC MA A 


and thus is so small, that the nucleus suffers some recoil, but, as a rule, is 


not disrupted. 


9) One more application of the same principle may be found when con- 
sidering head-on collisions of fast nucleons with nuclei, in the course of which 
the nucleus is disrupted and new particles are generated. Frequently in this 
case, in the energy region 10°—10!? eV, one tries to investigate a cascade 
multiplication within the nucleus. It turns out, however, that in reality even 
the treatment of subsequent collisions is possible only if the divergence angle 
of particles and the recoil energy of nucleons are large enough. In the opposite 
case the impinging particle interacts simultaneously with all the intranuclear 
nucleons, situated on its path, i. e. with the whole « tunnel ». 


2. — Electromagnetic Phenomena Accompanying Nuclear Collisions. 


21. Hmission of Photons in the course of diffraction and of capture of me- 
sons [1]. — Let us consider electromagnetic processes accompanying collision 
of fast charged 7x-mesons with nuclei, mesonic momentum being assumed 
large enough for its wave length to be small as compared to nuclear radius R 

Nuclear interactions can not be included in theoretical calculations pro- 
perly. It turns out, however, that the electromagnetic radiation process accom- 
panying nuclear collision may be studied in details due to peculiarities of the col- 
lision described above. 
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The process in general is determined by the emission of the field accom- 
panying the meson when it is scattered or captured by the nucleus. There- 
fore, at least for low energy quanta, their spectrum has the form dk/k, and 
the probability of emission differs from that of a main process by a factor 
e ~ 1/137 (and by factors logarithmically dependent on energy). 

There are two kinds of x-meson interactions involved: that with e.m. 
radiation field and that with nuclear force field (e.m. interaction with nucleus 
may be omitted). The possibility of a rather full and sufficiently strict cal- 
culation is due to the possibility of applying the perturbation theory to the 
first of these interactions, while the second one is treated without this approx- 
imation (this being the essence of the method). 

In fact, outside of the nucleus we may write down the wave function of the 
n-meson which takes into account the influence of the nucleus. Let us assume 
for instance, that the nucleus behaves with respect to mesons as a black body 
(which, as is shown by experiments, holds already for E —2- 310° eV). 
Then the pseudoscalar wave function of a 7-meson is a superposition of an 
initial plane wave and of a wave due to the diffraction by the sphere. According 
to Kirchhoff’s diffraction formula (pR> 1) we have: 


1 : ip (exp [tp|r—r'|] ia, 
(10) te = ve t= plex [pr] “| oa i as’), 


DI 


integration being extended over the nuclear cross-section normal to the meson 
momentum p. In this expression plane waves are contained the momentum of 
which differs from p; this is due to the acceleration acquired by the meson through 
diffraction scattering by the nucleus (the scattering in turn being a result of all 
the absorption x-meson processes; by « absorption » we mean every process, 
which takes the meson out of its initial state ot momentum p). This acce- 
leration will suffice to cause the e.m. radiation by the z-meson, if in the system, 
in which the meson initially was at rest, it acquires the momentum q, = #- 
By means of selecting from the Fourier-series of y, the terms with q; ~& 
the magnitude of the cross section may be estimated. A fuller theory may 
be obtained either by applying the perturbation theory to the transition of a 
meson under the influence of radiation field from the state given by eq. (10) 
into the state: 


1 an ip' (exp [—ip'|r—F' ll ag 
(11) por = ler [ip'r] Lf eri ds 
4s’) 


(a plane wave plus a convergent wave, integration being extended over a nuclear 
cross-section normal to p'), or by writing the equation for y in the presence 
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of the quantized e.m. wave with a vector potential A: 


0? 2e 
x 75) ae È =— AV ; 
fl ) (5 A ul mu ID i y 
substituting w by 
(13) VW == Wp exp [— 1H,t| a x exp [— iB,t] Wp 
P 


and using a Green function (accounting for the presence of a black sphere) 
of the resulting equation for y,.: 


ds 


(14) Gi ai ele rel eae oe 
4 |r —r'| dari, |r- s| 4n|r'— s| 


(integration extending over the nuclear cross-section normal to the vector 
r—r’). In such a procedure we get an expression for the wave function of a 
meson going out with a momentum p’ and accompanied by a photon of mo- 
mentum k. 

When calculating the cross-section, the question arises whether it is allow- 
able to consider a 7-meson as a point particle. If a point meson is assumed, 
then its diffraction scattering by a nucleus having a radius R, leads to emis- 
sion of a quantum k, with a cross-section containing as a factor some 
function of a dimensionless parameter 97(wk), tending to 0.56/uR if wR > 1. 
For uR>1 (A>1) we have 


E-k1R H—k1 A 
(15 "(k) == "2.38¢" n 2.3e? Su 
(15) o°(k) e fica 3e Ho ku 
The total energy radiated is 
(16) prota at wy 2ER*e9(uR). 


Quite similarly, a radiation due to absorption of a z-meson by a nucleus may 
be calculated. This is a radiation accompanying the 7-meson current directed 
inside the nucleus. The cross-section integrated over frequencies k > k,,,, and 
over photon angles 0 < 6,,. equals 


E° E 
(17) o° = &R? (in ons - J(m — 1) : 
Ca 1? Kinin 


Taking into consideration the relativistic arguments, the influence of the 
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x-meson torm factor on the radiation of photons may be supposed to be re- 
presented by a factor 


(18) F= 7a a i 
Du? 


Therefore, we may hope that in the future a detailed experimental investi- 
gation of e.m. radiation described above may lead to the possibility of deter- 
mining such an important quantity as the z-meson form factor. 

The total energy emitted due to capture turns out to have the order of mag- 
nitude of e2R2E. The cross-section is especially large for radiation emitted 
at small angles. In fact, for 0 = u/E the differential cross-section of the 
capture radiation is 


(19) cae( yas 
i ; 


and for E/u — 40 equals R?((# —k)/E)-(1/k), which is of the order of magnitude 
of nuclear cross-sections. 

A similar process for the case when the initial particle has spin equal to + 
was investigated in papers [2]. In particular here the diffraction formula 
of Kirchhoff for half spin particles was deduced. 


2:2. n-meson pair formation by photons on nuclei [3]. — The process con- 
sidered above has quantitative characteristics the order of magnitude of which 
could be foreseen. Its investigation, however, enabled to get exact formulas, 
and, moreover, to develope a method applicable to some other processes. 
Thus, in ref. [3], the process mentioned in the title of the section was studied, 
the action of a nucleus, considered as a black body with respect to mesons, 
being taken into account by describing the generated mesons with the aid 
of eq. (11). Here, therefore, the meson-nucleus interaction is treated strictly 
(under the assumption, which by no means is a matter of principle, that the 
nucleus is absolutely black). 

The expression obtained for the cross-section is rather complex. In the case 
of a heavy nucleus, however, if the radius is large as compared to the 7-meson 
wave length, the formulas are considerably simplified. The cross-section for 
the production by a photon (having a momentum k) of a pair of mesons 
with momenta p, and pz, is 


e® R? Ji(¢R) By(k — By) dB, b° db dx 


(20) do = da? x k3(1? DE b?)2 , 
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where 


Here k,, k, are two dimensional vectors which are perpendicular to the photon 
momentum, ki < k?, k}<k’. In the eq. (20) the z-mesons are considered as 
a point body. Otherwise the formula is supplemented by a factor, having the 
meaning of a form factor for the process considered. If the 7+-77-mesons 
interaction is strong, then in eq. (20) appears another factor accounting for it. 

Integration of eq. (20) over all x and over b which are less than some 
b_._ yields the following distribution over energies: 


max 


2R? 
(20a) doi a 


dE, . 


wet pee De E(k — E,) 
i ue be + diaz ks 


di 


The integral cross-section is: 


02 R2 2 2 2 
(205) wee i inf tire Ea or | : 
dei (22 Le yt max 


At high values of b,,.. the «non-point » character of 7-mesons is essential. 
The eqs. (20)-(20b) lead to the following conclusions. 


1) The cross-section for the production of 7*-77 pairs which are not accom- 
panied by excitation of the nucleus, in the extremely relativistic case, does not 
depend on the photon energy. The cross-section is proportional to R?~ A? 
and is of the order of magnitude of (e?/10)R?. 


2) The sum of the transversal momenta of z+ and m mesons (x=—k, +k.) 
is of the order of 1/R. The distribution with respect to x is given by eq. (20). 


3) Effective values of b = 4(k,—k,) depend on the «size » of the 
elementary particles and on their interaction. 


It should be emphasized, that the same process for the formation of two neu- 
tral mesons is forbidden due to the conservation of charge parity: a y-quantum 
is odd (with respect to charge), while a 7-meson is even (the nucleus acts as 
a black body and therefore should be considered as even). Thus at high 
energies the cross-section for y >27° is much smaller than for y > xt-+7-. 

Besides the case of both mesons propagating to infinity, there may occur 
a process in which a y-quantum is absorbed, a pair of mesons at a distance 
from a nucleus is virtually produced and only one of the components of the 
pair propagates away, while the other is absorbed in the nucleus and a star 
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arises (an explosion of a nucleus). The theory of this process was given by 
J. A. VDOVIN [4]. The order of magnitude of the cross-section obtained by 
him is of (e?/10)R(1/u) (for R>1/u). The essential feature of the process is 
that the most part of the y-quantum energy is taken by a single meson (namely 
by the one which goes out). The same author has studied also the formation of 
stars under the action of a photon in the case when both virtual 7-mesons, which 
have arisen at large distance from the nucleus are captured by it. This mechanism 
of formation of photo-stars has a cross-section o~ eR? In k/u (in the case 
of point meson). 


3. — Purely Electromagnetic Processes. 

3:1. Bremsstrahlung of electrons in a erystal lattice [5]. — E. J. WILLIAMS [11] 
was the first to mention the possibility of the simultaneous action of different 
atoms of a crystal on bremsstrahlung. He gave however only an estimate 
which, as it is now clear, led him to an incorrect conclusion that the brems- 
strahlung should decrease at very high energies due to regularities in the posi- 
tion of atoms. The criterium for the arising of the effect, given by him without. 
any comment, is not confirmed by further investigation. Later FERRETTI [12] 
considered the influence of the crystal lattice much more consistently. Here, 
however, the results were also not of quantitative character and they are not 
confirmed by the results of the work which we intend to report here. 

In the papers by M. L. TER-MIKAELJAN [5], the bremsstrahlung was inves- 
tigated for a relativistic electron entering the crystal lattice (for simplicity 
a cubic one) in a given direction with respect to the crystallographic axis. The 
usual perturbation theory was used (practically for calculations the Weizsacker- 
Williams procedure was taken, as in FERRETTI’s work, but the same formulas. 
were obtained in a frame of reference in which the lattice is at rest). The 
crystal potential is a sum of potentials of the screened nuclear fields. It is 
important that the thermal vibrations of the atoms he taken into account. As 
is readily seen, the cross-section for the emission of a photon in a process, 
in which the lattice receives the momentum gq, differs in this case from that 
of an isolated atom by an interference factor 


| > exp [iqr;| |? ’ 
i 
where the sum is taken over the instantaneous positions of nuclei, r;. The aver- 
age over thermal vibrations transforms this factor, as is usual for the theory 


of X-ray scattering by crystals, into 


(21) N,N,N;(1— exp [—2M)]) + exp[_2M]| > exp [igro]|®. 
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Here N,, N, N, are the numbers of atoms along different axes, 2M = q?u?, 
where wu? is the mean square of the thermal displacements of an atom, r,, the 
radius vector of the equilibrium position of the 7-th atom. Correspondingly the 
cross-section is decomposed into an «amorphous part », which is proportionate 
to the total number of atoms within the crystal, N,, N., N}, and an « inter- 
ference part». The amorphous radiation cross-section is less than that for an 
isolated atom multiplied by the number of atoms; the difference depends 
on temperature and, for some elements, may become of the order of 10 ~20%,. 
When temperature increases this difference diminishes. This radiation does 
not depend on the initial direction of the electron motion. 

The interference part is of a more complex structure. Since the trans- 
versal component of the momentum transferred to nucleus is always large, 
q, >, then the nuclei situated in the plane perpendicular to the electron 
motion do not give any interference, while the nuclei situated along the path 
of the electron contribute to this effect. A more precise evaluation than that 
expressed by eqs. (1a) and (3) gives the energy for which the effect is essential: 


E Mm Gi 
(22) ESSER 
m 4a 1—e 22 1 —e 


Here v = 108a, a being the lattice constant, e=k/H the fraction of the initial 
electron energy £ radiated in the form of a photon. For »~3, e~ 3 this 
gives H = 50 MeV. For higher energies (or for radiation of more soft quanta) 
the cross-section increases proportionally to the square of the effective number of 
atoms JN,,, situated along the path of the electron. In the paper[5] the conditions 
for the arising of interference maxima are investigated, the case of the arbitrary 
thick crystal is calculated, the conditions of applicability of the formulae 
obtained are given and the dependence on the initial direction of the electron 
motion is studied. For instance, the interference part of bremsstrahlung of 
a beam of electrons with angular dimension 6, entering the lattice along one 
of its axes, equals, if divided through the total number of atoms in the lattice: 


Il Io 


23 Sr = SH 
( ) N,N;,N; Gint(€) de O5.-n.(€) de a 6 


under the condition that (27/a)1/w=6,,,>0> 0,,,,=(e/(I—e)) am (m/2E.) Here 


max min 
Oz iS the usual Bethe-Heitler cross-section, o + a,Z~* is the screening radius 
of the atom. The interference radiation decreases for 0 < 0,,,,- For tungsten, 
0a = 2.4° for T=0, 6,,.=4.8° for the Debye temperature W. Since 
wo/a~(22/v)(1/Z*) — 1, then for sufficiently small 0 the intensity of radiation 
may exceed many times that for an isolated atom. 


It is essential that the integral over all angles gives strictly the same in- 
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tensity as given by bremsstrahlung on a single atom. Therefore, for the case 
of a beam of electrons penetrating through a sufficiently thick polycrystal, 
the effect of the crystal structure disappears. The effect of the lattice, therefore, 
consists in forming sharp and narrow maxima compensated by a small decrease 
of the general background outside. 


3:2. Effect of multiple scattering on the bremsstrahlung of electrons [6]. — In 
the case of an amorphous medium, when no interference phenomena arise, 
there appears, for sufficiently high energies, another important process, na- 
mely, the multiple scattering of electrons by the atoms of the medium tells 
on the bremsstrahlung (in the case of a crystal it plays a subdominant role [5]). 
The possibility of this circumstance was pointed out in ref. [6]. Here the 
estimates and the approximate formulas for limiting cases were also given 
in the case of classical treatment of bremsstrahlung (this is exact for the 
radiation of soft photons, k < E, and gives an estimation of the general effect), 
and to some degree for quantum case as well. A more rigorous classical quan- 
titative theory of the effect and especially its quantum investigation turned 
out to be very complex. They were given by A. B. MIGDAL [7]. His results 
in particular support the results of classical approximate treatment. 

If particles during the time of motion through the essential region with 
dimension 1/9; ~2H(E—k)/m?k (see eq. (3)) suffer multiple scattering 
sufficient to decline them through an angle exceeding 0 —m/E, then the 
emission process will be violated. The mean square ot the scattering angle 
for this path (assuming, for the sake of estimation, k < £) is 


SÌ 


(B\? few 25 
A) I GEE 


where 4, — N 47:137m = 21 MeV, L is radiation length (in cm) for ‘this me- 
dium. If 62 becomes > (m/E)?, i.e. if 

E ia 
(24) SIVE 

Mm 60 
then the intensity of radiation must diminish. Even for hard quanta, k~ 37, 
this gives: 


E i 
cb, 
m i 7200 


(25) 
For Pb, L ~ 5-10-! em, for air at normal conditions L x 3:104 em. Cor- 
respondingly for H > 2-10°m in Pb, or for H>10"%m in air, the brems- 
strahlung cross-section must be smaller than. is usually assumed. For softer 
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quanta the effect tells for lower energies. For a given energy £ the effect 
appears for photons with 


(26) k < 3600 E st 
LO == 
Lm 


i.e., for Pb, at k<4-10-7(E/m)E. For instance, an electron with energy 
H~5-:10" eV will give in Pb few photons with k< 0.018 — 5-108 eV. 

A more consequent estimation, within the region of applicability of clas- 
sical treatment (k < £) shows that in distinction of the usual Bethe-Heitler 
formula: 


CAINE IIR aes 10 
Sal E 


(27) QUE = (Zo)? In (191773) dk 

(n is the number of atoms of the medium per unit volume, Z the atomie 
number of the element, 7) = e?/m the classical electron radius), the intensity 
is described by the equation 


it 


E; 
(28) dl = — C vò dk = — 
E V6aL 


Thus, the bremsstrahlung cross-section at high energies decreases as 1/H, 
while the photon spectrum behaves as d//k ~ dk// k. At sufficiently high 
energies the electrons and positrons become a penetrating component. As it 
has been already remarked above, the same pertains for pair production by 
photons as well. Therefore, they also become penetrating. 

This result is obtained by considering a classical equation for the energy, 
emitted at frequency w = k into an element of solid angle dQ by an electron, 
moving along a trajectory: 


(col 


[nv] exp [i(kr — wt)] dt ? 5 


29 [=— 
ee a 477? 


-o 


where r = r(t) and v = v(t) are the radius vector and the velocity ot the 
electron, given as a function of time t, n the unit vector of propagation of pho- 
ton, k=wn. A classical approximation to the Bethe-Heitler formula is obtained 
if we put r = vt, and v changes within some region with dimension a from 
one constant value v, to some other value v, (the resulting formula being valid 
for wave lengths of photon X > a). In particular, for v, = 0, a stopping ra- 
diation is obtained. Within the medium, however, due to multiple scatter- 
ing, v is varying all the time around v, and, later, around v,. It is sufficient 
to consider as fluctuating components of velocity only those, which are 


HIGH ENERGY INELASTIC DIFFRACTION PHENOMENA 665 


perpendicular to v, and, correspondingly, to v,. Their squares increase pro- 
portionally to time. For instance, in the case of emission of a radiation directed 
exactly along the line of initial motion, kv,(— co) = kv,(— 00), the phase at 
—co<t<0 will contain, in the average, expressions of the type of 
lea 302(t)) —1]ot instead of kr — ot = ot(v — 1), 0,(t) being the angle of 
multiple scattering. For kv,6? = 2k1—0,) an essential term arises, and due 
to fast fluctuations of the expression integrated, dI (given by form. (29)) de- 
creases. The true value ot the intensity must be obtained by averaging the 
expression for d/ with respect to the transversal components of velocity. In 
paper [6], instead of averaging d/, the phase alone was averaged. This leads to 
the estimation given by eq. (28). Later, however, strict calculations, using a 
very elegant method, were performed for E > m by A. B. MIGDAL [7 |, who 
also succeeded in giving a quantum theory of the phenomenon. 

Averaging over scatterings the eq. (29) for d/ in the classical case, MIGDAL 
transforms it by expressing its average through Fourier components of the 
probability of a given value of the velocity W, (the Fourier components arise 
from exponentials occurring in eq. (29)). In the space of angular variables W, 
obeys an equation of the Fokker-Planck type. Solving this equation he 


obtains: 
| ; 4e?Q 
— r 3 N EV x 
UL {dI}, B(s) = sm DE P(s) ) 
(30) nr 
| Saar Bh OZ Q = 4nn(Zr,)2(In 191Z-*)(1 — v*) . 


Here {dI}, is the energy radiated when scattering is neglected (classical appro- 
ximation to the Bethe-Heitler formula), while @P(s) is a tabulated function: 


Cel = 


(30a) P(s) = 38 [exp [— sx] 


J 


0 


cos st + sin sx 
ch? (2/2) 


x 1 sin sv rie 
die Dats Jexp [— se] NE 07675 
sh x 


For s > co (scattering is negligible) D(s) > 1 — (48/784) and we come to 
eq. (27); for s >0, D(s) > 6s: the result differs from the eq. (28) by a numer- 
ical coefficient of the order of unity. This complete formula shows that in Pb 
for photons with k= 4E, the deviation from the Bethe-Heitler formula attains 
50%, if E=3-10!° eV. 

The quantum treatment, necessary for the region k~ E, is much more 
difficult to handle. The radiating particle, owing to scattering, is not describable 
by a wave function, and the density matrix is introduced. The author obtains 
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for it a quantum kinetic equation, which he subsequently solves. The result. 
in main part supports the classical treatment, but it contains also some pecu- 
liar features. 


3°3. Effect of Polarization of the Medium [8]. — It was shown in paper [8] 
that the above investigation of the influence on the bremsstrahlung of multiple 
scattering must be supplemented by the account of polarization of the medium. 
In fact, the difference of the velocity of photons from unity must be taken 
into consideration. This may be effected by introducing a general factor /£ 
into eq. (29) and by putting k equal to 


(31) k= /eon 


instead of kan. Here the dielectric constant of the medium e may be: 
supposed to have the form: 


47 Ze? 
(32) sella 


ma? 


This means that the effect is essential for the softest quanta. Therefore, 
the classical formulae suffice. After introducing in eq. (29) the modifications 
just mentioned and averaging the phase of the integrated function over possible 
scatterings, we notice that, besides the scattering term wt(1— 302(1)), the 
phase contains another term, ot(4/ Sa eS) (2anZe?/mm)t. If it exceeds the 
scattering term (low frequencies), then the polarization plays a predominant 
role. The results of investigation [8] may be summarized as follows. 


a) Unless the energy of the electron exceeds some critical value 


a fe alt m\? _ 1/d4anZe® 
(33) Ii (7) 6L| = m 


Sig 


(for dense media, assuming the elements to be in the middle or in the end of 
the periodical table, £,,, “ 104m- 10!° eV), the multiple scattering has no 


chance to produce any effect, since the polarization of the medium predomi- 
nates. For different frequency regions we have the following cases. If 


3 re E 
a) 


m m 


then 


i 5) 2 
(34) dee È) 
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i.e. the influence of the medium may be neglected and the formula, which is. 
a classical analogous of the Bethe-Heitler formula (and coincides. with it. 
for k< E), holds. If 


4anZe? danZe? E 
Ko< i = 
m mm 


(for frequencies © < V4nnZelm the approximate eq. (32) is not valid), then 


; E? 
SA paghi 


È Ni i 
(89) hi 12r*°LnZ E? 


b) if the electron energy increases and becomes £ = £,,.,, then a region 
of frequencies arises, where the multiple scattering plays the main part, namely : 


for 


È Aan Ze?\* (6E2L\} III 
(36) ( a ) ( E TIZIO E ale) 6L == (hen 


the eq. (28) holds. For E > E, = m:-mL(E,/m)? the region given by relation 
(36) covers almost the whole high frequency part of spectrum, excluding the 
interval H—E,<w< JH, where the Bethe-Heitler formula still holds. For o<a, 
again eq. (35) is valid, for © >, eq. (27) holds. 

On the whole the situation may be schematically represented by Fig. 1, 
where, however, the scale is not represented quantitatively: in reality @,<E. 
An interesting feature of the influence 
of the medium is that the so called [an 
infra-red catastrophe disappears. The- | 
refore, when checking experimentally 
the radiative corrections usually calcu- 
lated for various processes and strongly 
influenced by infra-red catastrophe, the 
presence of the medium must be taken 
into account. 


Hi. dI= const. 


<— Ea E<E, 


crit. 


w 
i E 
Yu Di i Sh 
4.- Nuclear Phenomena. a sf 
41. Emission of mesons by nucleons Shu 


in the course of diffraction scattering [9]. — iui Il 

This process differs from others consi- 

dered above in the fact that it cannot be calculated quantitatively with the 
same degree of accuracy. This is due to the lack of a consistent meson theo- 
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ry and to the non-applicability of the perturbation theory. Here the pertur- 
bation theory may give no more than an uncertain suggestion of a possible 
order of magnitude of the cross-section. 

The condition (1b), when eq. (7) is used, gives the energetic threshold of 
the effect. If the meson acquires a small fraction of the energy (of the order of 


(u/M)E), then the condition is: 
(37) E<uRM w AMM. 


If, on the contrary, the meson energy is of the same order as that of the 
nucleon, then the condition is: 


M 
(38) E> n AM, 


i.e. the threshold increases considerably. In the case of generation of several 
mesons the threshold increases proportionally to their number. The peculiar 
feature of such a process would be the absence of the so called « second cone », 
the generated mesons would move (in the center of mass system) only forward. 

In evaluating the cross-section we must keep in mind the fact that the process 
cannot be considered as caused by the nucleus as a whole, if the transversal 
component of transferred momentum is too large, namely if it exceeds the 
inverse value of the mutual distance of nucleons in the nucleus. This distance 
may be taken equal to 1/u. Therefore, we must restrict ourselves to q < wu. 
In that case the velocity acquired by the nucleon (in its rest system) is small: 
v- ufM. Accordingly the emission of mesons cannot be very intensive. In 
fact, by applying (in the same way as used in sect. 2°1) the perturbation theory 
and assuming pseudoscalar coupling of pseudoscalar mesons, we get for the 
emission of a single meson: 


; ,A? 7 2 9? (È 2 
(39) OI = (4 Sr a) Oo + 


Here g is the coupling constant, o, the geometrical cross-section of the nucleus. 
Even for g?~10—20, the cross-section is much smaller than o,. Due to the 
value of the threshold, as well as according to eq. (39), this phenomenon must 
be comparatively more noticeable in the case of light nuclei. 

Since meson interactions are strong, we may believe that a similar process 
is possible for the production of 7-mesons by a z-meson suffering diffraction by 
a nucleus. In this case the smallness of meson mass is favourable to the 
process. 


42. Diffractive splitting of deuteron. — The calculation of the process may 
be performed consistently notwithstanding the fact that the law of interaction 
of nucleons is not known with certainty. The knowledge of the deuteron wave 
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function alone is necessary. This function is known definitely only for proton- 
neutron distances exceeding the range of nuclear forces, 1/u. Therefore the 
detailed calculations are possible only for some of the processes, namely for 
the cases of transfer of not very large momenta, q < u. The investigation 
was performed for deuterons having kinetic energy within the interval 
50--170 MeV, in which case the target nucleus may be considered opaque. 
In order to obtain an estimate of the cross-section we may proceed as follows. 
Let us take the wave function of the deuteron, suffering, as a whole, diffrac- 
tion by a black sphere representing the target nucleus (here the finite dimen- 
sions of the deuteron should be taken into account; this is why its wave function 
of internal motion g(|r, — r, |) will enter into the calculations). Selecting in 
this function the cases of scattering with transferred momentum q sufficiently 
large for the splitting of deuteron, i.e., with q~p, we get for the order of magni- 
tude of the cross-section: o~ RR,, E being the target nucleus radius, A, that 
of deuteron. Thus o is of the same order of magnitude as for stripping, and 
is much smaller than the geometrical cross-section, na(k-+h,)?. Assuming 
R<R+R, (this assumption. has no fundamental meaning, and the more 
general case is now under consideration) we may apply the perturbation theory. 
It can be shown that the cross-section for dittractive splitting, which gives a 
neutron having the momentum p, and a proton having the momentum p,, is 


(40) do(p,, p,) = 22|<vb V| par 2 O(E'— E), 

Yon and Yor being the neutron and proton functions, given by eq. (11), y, the 
wave function of the deuteron, suffering diffraction as a whole, while U is an 
operator, describing the proton-neutron interaction. Restricting ourselves to 
that part of all processes which corresponds to q< , we may assume that 
the target nucleus edge is abrupt, substitute for the deuteron function 
g=exp[ a|r, —r,|]} «=+/Me, and consider U as a d-funetion of the mu- 
tual distance of the nucleons. This last simplification is possible since the mu- 
tual velocity of nucleons in final states is low, being of the same order of 
magnitude, as the velocity inside the deuteron. 

Thus, suffering the splitting due to a feeble push, the deuteron gives a 
proton and a neutron with the same distribution with respect to angles and 
energies, as when the stripping occurs. In fact, in both cases these distri- 
butions are prescribed essentially by their distributions within the deuteron. 
However, contrary to stripping, in the case considered, both the proton 
and the neutron are produced in every elementary process. The cross-section is 


(41) oy RR 
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Here g,,., is the highest of the values of transferred momenta, allowed for by 
the above condition. Putting q,,.~ mu We get: o~ RR,. 

In order to check these results experimentally one needs the coincidence 
measurements. We may, however, mention that all the experiments in which 
the yield of protons was examined have always given for the stripping cross- 
section unreasonably high values. For instance, a group of investigators [13], 
having paid no attention to the process described here, calculated from expe- 
riments an astonishingly high value of the nuclear radius, namely, R = 1,A* 
with ro > 1.6-1.7:10-!*? cm. It seems quite probable that these experiments 
in reality were influenced by diffractive splitting. 

We should like to mention that such a diffractive splitting is possible for 
some other nuclei as well, if the activation energy for the corresponding reaction 
is sufficiently low. Since the process is of a purely kinematical nature and is 
determined by the transversal components of momentum (it may be seen, in part- 
icular, by the independence of the cross-section from the deuteron energy), 
then the situation should not alter when going over to relativistic energies of 
the deuteron (for which case the nucleus again becomes opaque). 

The process considered was investigated independently by one of the pre- 
sent authors (E.F.) and also by A. I. AHIEZER and A. G. SITENKO. 


453. Collision of a Nucleon with a Nucleus [10].- As it has been already poin- 
ted out (Section 1, form. (9)), due to large size of the essential region, it may 
happen that a collision of an impinging fast nucleon (or of a 7-meson) with the 
nucleons of a nucleus, leading to z-mesons formation, cannot be considered ac- 
cording to the scheme of subsequent collisions. A somewhat more detailed 
estimate shows that such a cascade scheme is permissible only if the part- 
icles produced in the collision of two nucleons diverge isotropically in their 
center of mass system, and, therefore, if in the laboratory system the angle 
is of the order of N/M/E and the recoil energy exceeds approximately 100 MeV 
per nucleon. For smaller angles, and lower recoil energies, the whole tunnel is 
involved in every collision. There is some experimental evidence [14] which 
seems to be against the scheme of subsequent collisions, not only at very 
high energies, where the Fermi-Landau theory holds, but for the energies 
of the order of 1019-10! eV as well. 


5. — Conclusions. 


The results surveyed above are, of course, only examples of the method 
developed. This method may be extended on different other phenomena (this 
extension isin fact now being performed). In particular, the formation of pairs 
accompanying the diffraction of a particle by a nucleus and some other effects 
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have been considered. In some cases it has turned out reasonable to consider 
the nucleus as being partly transparent. The behaviour of a diffracted part- 
icle may be represented in the essential region in a more general way than 
that offered by the Kirchhoff formula etc. All these and similar 
possibilities deserve further investigation. 


other 
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ContENTS. — 1. Introduction. — 2. Study of the structure of the long- 
wave edge of cuprous oxyde crystals. Fundamental absorption at room 
temperature. — 3. Structure of the edge of the fundamental absorption 
of Cu,0 erystals at 7=77.3°K (liquid nitrogen). Hydrogen-like series 
of narrow lines of absorption. — 4. Optical spectrum of excitons in the 
crystal lattice. Yellow series of excitons in Cu,O crystals. — 5. Green 
series of excitons in Cu,0 crystals at 7=77.3°K (liquid nitrogen). — 
6. The exciton spectrum in Cu,O at 7=4.2 °K (liquid helium). New lines. — 
7. The exciton spectrum in Cu,0 at 7=1.3 °K (liquid helium). — 8. Stark 
effect in the lines of the exciton spectrum. — 9. Zeeman eftect in the lines 
of the exciton yellow series. - 10. The structure of the edge of the fun- 
damental absorption band in other crystals. 


1. — Introduction. 


It is well known that crystals have wide ranges of continuous spectrum, 
the so-called characteristic or fundamental absorption band, where the ab- 
sorption coefficient goes up to very high values of the order of 105-106 cm—. 
Ou the side of long waves the continuous absorption range possesses an 
edge which, for some crystals, undergoes an abrupt fall. The position of the 
long-wave absorption edge in the spectrum depends on the composition of a 
erystal and is defined, as is known, by the width of the forbidden zone in a 
crystal. In many substances the characteristic absorption is connected with 
the photoconductivity, and this effect is caused mostly by the lengths of waves 
falling upon the long-waves edge of the fundamental absorption. For instance, 
this may be clearly seen in Fig. 1 which provides with the curve of absorption 
and that of the spectral distribution of the photoconductivity in the crystal 
of cuprous oxide according to the data obtained by A. V. Jorrg and A. F. 
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IOFFE [1]. That empirical rule was stated already by GUDDEN and Pout [2] 
in 1923. But, up to now, the cause of the photosensitivity fall within the 
strong absorption range in the funda- 
mental band remains unknown. GUD- 
DEN [3] considered this phenomenon to 
be a mistery. As it is known, J. FREN- 
KEL [4] in 1931 introduced the idea of 
the exciton in order to explain the ab- 
sorption of light in the fundamental 
band without the rise of photoconducti- 
vity. 


sie 2 ° 
4000 5000 6000 7000A 


Fig. 1. — Absorption curve (a) and 


of eee : spectral distribution curve of photocon- 
Being interested in that phenomenon, ductivity (b) in Cu,0 erystal, according 


we have undertaken at the Institute to A. V. Iorre and A. F. Iorre [1]. 
of Technical Physics of the Academy of 

Sciences a systematic study of the absorption spectrum of erystals in order 
to obtain detailed data on the energetic levels of electrons in crystal lattices. 

Selecting the object of investigation, we have first of all taken the cuprous 
oxide (Cu,O) crystal. This selection was made for the following reasons. 
The electrical properties of the cuprous oxide as a «classical » semi-conductor 
had been studied in details long before. In 1947-1950 the thorough study 
of the photoelectric properties of this crystal was carried out by V. P. Zuze 
and S. M. Ryvgin [5] at the Institute of Technical Physics. They came to the 
conclusion of the impurity nature of the Cu,O photoconductivity. LULE 
and RyvKIN were the first to point out [6] the role of excitons in the phe- 

nomenon of the photoconductivity. For the external 
BT ae photoeffect, the exciton mechanism was suggested by 
APKER and Tart [7]. 

Depending on the electron levels distribution in the 
crystal, the absorption of light may be observed in vari- 
ous spectral ranges. In the case of the Cu,O erystal, ba- 
sing upon the study of photoconductivity by Zuze and 
RyvKIN [5, 6], we should expect that the absorption of 

FILLED BANO light might be connected with the electron transitions, 

Fig. 2. — Diagram of which are schematically shown in Fig. 2. The energy dif- 

electronic levels in Cu,0 ference between the levels in the case of electron transi- 

pisale accoitiae tO tions of the a or b type is relatively higher than in the 
data obtained by ZUZE a 0 

and RYvKIN (5, 6] for 025° of c or d type transitions. The energies of the c and d 

photoconductivity. transitions are small, and, therefore, the absorption cf 

light connected with them might be expected to be in 

the long-wave (infrared) part of the spectrum, while the absorption connected 

with the a and b transitions must be observed near the fundamental absorption 

band (for Cu,0, about 2 = 6300 A) on its long wave side. 
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The absorption of light in Cu,O was studied little. The visible range of 
the spectrum was studied by A. V. Ilorre and A. F. IoFrE[1], M. PIGAREV 
and S. GoLUB[8], and by G. MONCcH [9]. 


2. — Study of the Structure of the Long-wave Edge of Cuprous Oxide Crystals. 
Fundamental Absorption at Room Temperature. 


In order to study more thoroughly the long-wave edge of the main ab- 
sorption band, we used spectral instruments whose dispersion (25 À/mm in the 
range of 7 ~ 6300 A) exceeded by approximately 10 times that of the ins- 
truments previously used. 

Our first experiments on the study of the characteristic absorption in 
cuprous oxide were performed at room temperature (f = 20 °C) with macro- 
crystalline Cu,O plates of various thickness, from dozens up to hundreds of 
microns. These experiments (performed together with N. A. KARRYEV) have 
proved [10] that the edge of the Cu,O crystal fundamental absorption band 
possesses a complicated structure. The absorption of light near the edge 
does not continuously increase with decreasing wavelength but is of a 
stepped character. One may clearly observe two points where the curve 
of absorption undergoes a break and forms a sort of step. These points 
at t = 20°C are located in the following way: 1) at 6371 A (1.945 eV) and 
2) at 6284 A (1.972 eV), so that the width of the step is about 87 A (0.027 eV). 
The absorption of light within the range of the step between these two points 
is comparatively small. Behind the step (A = 6284 A) the absorption 
undergoes a fast increase in the direction of short waves, and the curve of 
absorption goes up. All these phenomena are clearly seen in Fig. 3, where 
the micropbotogram of the absorption spectrum near the edge of the Cu,O 
fundamental band is shown. 

Another interesting phenomenon is observed at both edges of the step: 
a bright narrow line is seen against the background of absorption on the long- 
wave side before each limit of the step. 

These lines are contacting the limits, where the abrupt breaks in the curve 
of absorption are observed. Thus, the bright lines are located at 2 = 6371 A 
and 4 = 6284 A and are nothing but the narrow lines of radiation (*). 

When the temperature of the crystal decreases, the edge of the Cu,O 
erystal fundamental absorption together with the step and its sharp limits 
shifts to the short-wave side of the spectrum. The absorption of light on the 
step is greatly dependent on the temperature and undergoes a strong fall 


(*) NixirIn and his colleagues (see reference [29]) have also observed the bright 
lines at the step edges. 
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Fig. 3. Micro- 
photometric re- 
cord of the «step» 
at the edge of 
the fundamental 
absorption curve 
of Cu,O crystal 
at 20 °C. 


Fig. 4. — Spectrograms of the «step», of 

a narrow line and lines of emission at the 

edge of the fundamental absorption curve 

of Cu,O erystal at 7=77.3 °K. a) Cu,0 plate 

of thickness d=0.5 mm; bd) d =1.7 mm; 

c) comparison of the Cu,0 line with those 
of Fe. 
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(evidently, according to an exponential law) when the crystal is cooled. The 
edges of absorption at the step shift and remain sharp, if the crystal tem- 
perature is reduced up to that of the liquid nitrogen (7=77.3°K). At T= 
—77.3 °K tre edges of the step are located: 1) at 2 = 6164 A (2.010 eV) and 
2) at A = 6086 A (2.034 eV). The distance between the first and the second 
edge, i.e. the step width, at T= 77.3 °K is of 78 A (0.024 eV). Thus, the 
step width scarcely changes with the temperature alteration, while the ab- 
sorption in it undergoes such a decrease at T= 77.3 °K that it becomes hardly 
noticeable at this temperature. 

The above-mentioned results were independently obtained by the Japanese 
scientists HAYASHI and KATSUKI[11]. These authors have reported that they 
observed the absorption edges only in the Cu,O absorption spectrum. 

We went further in the study of the structure of the Cu,0 crystal funda- 
mental absorption edge and succeeded in the discovery of a new interesting 
phenomenon. 


3. — Structure of the Edge of the Fundamental Absorption of Cu,O Crystals at 
T = 17.3 °K (Liquid Nitrogen). Hydrogen-like Series of Narrow Lines of 
Absorption. 


If the temperature decreases, the edge of the Cu,O crystal fundamental 
absorption together with the range of the stepped absorption, as it was men- 
tioned above, shifts to the shortwave side of the spectrum (the orange part) 


and a very narrow absorption line [12] comes out against the weak continuous 


background of the step. At T= 77.3°K this line becomes exceedingly sharp 
and thin, so that its width becomes comparable with that of the narrow lines of 
atomic spectra. Its location is greatly dependent on the temperature, and it 


TaBLE I. — Position of the lines of the exciton yellow series in the Cu,0 absorption spectrum 
Cay We TREN 


| | i A Bi 
i Quantum | Wavelengths | Energy | Frequencies | _ An TS da 
| number n | 2, in A in eV E Koren: chserved. st icaloulated 
| 1 6125.3 2.0234 | 16325.7 134: 960 | Aa 
2 5792.7 2.1396 17 263.2 196.8 | 196.3 
| 3 | 5756.6 2.1530 173712 88.8 | 872 

4 | 5743.8 2.1578 | 17410.1 49.9 | 49.1 

5 i 5738.4 2.1599 17 427.5 32.5 | 31.4 

6 (es 57340 2.1615 17 439.4 20.6 | 21.8 
ales 5727.4 2.1640 | 17460 hea) 0 
| | ‘ 
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shifts to the short-wave part of the spectrum together with the step, when 
the Cu,O crystal is cooled. At T= 77.3 °K this line is located at 7 = 6125.3 A 
(see Table I, n=1). Fig. 4 shows the simultaneous existence of the wide 
step and of the narrow line upon it. 

If the temperature goes down, not only the absorption coefficient on 
the step decreases, but the continuous spectrum behind the step undergoes 
a strong weakening as well, so that the limit of the beginning of the strong 
absorption shifts to the short-wave side of the spectrum quicker than the step. 
A series of separate absorption lines, located before the strong absorption edge, 
gradually opens in the yellow part of the spectrum as a result of the continuous 
weakening of the spectrum caused by low temperature. At T= 77.3 °K 
these lines become very narrow. We have succeded in discovering 5 of . 
these sharp lines which get closer as the frequency increases i.e. six lines 
including the first one, against the background of the step. The dispo- 
sition of these lines greatly depends on the temperature, so that the whole 
series of lines shifts to the short-wave part of the spectrum, when the crystal 
is cooled. The disposition of the above-mentioned lines in the spectrum at 
T= 77.3 °K is given in Table I (n from 1 to 6). Fig. 5 shows the spectro- 
gram of the yellow series of absorption lines in Cu,0. 

When the temperature tends to 0 °C, the lines widen and become hardly 
visible against the background of continuous absorption, whose intensity 
strongly increases with the increase of temperature and which comes from 
the side of the short waves (*). 

The widening of lines goes on asymmetrically, and is stronger at the long- 
wave part of the spectrum. The short-wave side of the lines remains shar- 
per in this case. 

The system of narrow lines drawing together, converges to the limit after 
which the continuous spectrum of absorption begins. The continuum limit 
(series limit) is located near 2 = 5727 ,4 A (Table I, noo). The discrete lines 
with the continuous spectrum behind them form a sequence which is similar 
to the series observed in the line spectra of absorption of the atom (ion) near 
the limit of the series. 

We have attempted to find a certain regularity in the alteration of narrow 
lines in the absorption spectrum of the Cu,O crystal, analogous to the serial 
one. It has turned out that the frequencies v, of these new lines satisfy the 
simple serial relation 


B B 785 
(17 460 — = em, n = 1, 2, 3, 4, 5, 65 


(*) Even at room temperature, one may notice the traces of the first members 
of the series, n=1 and n=2. 3 
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n is the quantum number, A and B are constants. A =v, has the value 
of the serial limit (n =o), i.e. corresponds to the red border of the photo- 
dissociation of the system of charges in the crystal lattice; that system 
causes the appearence of the series of lines in the Cu,0 spectrum. 

Table I gives the experimental values of the frequencies v, of the serial 
lines. It gives also the comparison in wave numbers of the observed and 
calculated differences Ay, between the frequency v_ of the series limit and the 
frequencies v, of the serial lines: 

B 


2? 


AN, e N= Wd, 34200 


n 


As it follows from Table I, the agreement between the observed and calculated 
values of the frequencies v, is quite good, with the only exception of the first 
serial line (n =1), where there is no agreement between the two values; this. 
is particularly evident in the differences Ay,. 

Relation (1) and Table I show that the series of lines observed in the Cu,O 
erystal is hydrogen-like. The continuous spectrum behind the limit of the 
series of lines should be explained by the extraction of the electron, resulting 
from the photodissociation of the system of charges which causes the series. 
of lines in the crystal spectrum. 

The existence of narrow absorption lines in crystals at low temperature 
was observed many times, e.g. in molecular crystals (OBREIMOV and PRI- 
HOT'K0 [13, 14], SPoL'8K1J [15]), in alkali-halide coloured salts with the introduc- 
tion of metal atoms (e.g. in KI-T1l by YUSTER and DeLBECQ [16], by 
PRINGSHEIM [16]) in the salts of rare earths etc. 

But, up to now, there have been no groups of lines in the crystals satisyfing 
the serial regularities observed. 


4. — Optical Spectrum of Excitons in the Crystal Lattice. Yellow Series of 
Excitons in Cu,O Crystals. 


The experiments described in the previous paragraph state a new inte- 
resting fact: that series of narrow lines with greater number of members, regu- 
larly converging to the series limit, analogous to those observed in free atoms. 
and ions, can be observed in the solid. 

Hence, natural is the question, how the hydrogen-like series appears in 
the cuprous oxide crystalline lattice, and what is its origin. The position of 
the series of lines in the spectrum, just near the long-wave edge of the 
fundamental absorption band, and the high absorption coefficient of the lines 
of the series permits to assert that the phenomenon is connected with the 
main lattice of the Cu,O crystal but not with its local defects, impurities 
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and deviation from the stoichiometric correlations (*). The serial regularity (1) 
of a hydrogen-like atom shows that the system of electric charges in the crystal, 
causing the appearance of the hydrogen like series, is bound by Coulomb forces. 

All these facts have led us to the thought that the hydrogen-like series 
of narrow lines in the cuprous oxide is caused by the absorption of light, 
related to the exciton formation in the Cu,O lattice. 

The conception of the exciton as an excited state of the lattice which can 
migrate around in the crystal, was suggested by J. FRENKEL [4] in 1931. 

Later on, excitons and their properties were studied by WANNIER [17], 
Morr [18], SLATER and SHocKLEY [19], FRANCK and TELLER [20], and by 
SEITZ [21]. Recently, various properties of excitons were considered by 
SgIrz [22, 35]as well as by HELLER and MArcus[ 23], AnseL'M and Firsov [24], 
SAMOJLO vI and KORENBLIT [25], SAMoJLOVvIÈ and Kononova [26]. 

WANNIER [17] and Morr[18] consider the exciton to be a hydrogen-like 
atom (+) in which the electron and the hole, bound by Coulomb forces, are 
rotating around their mutual centre of gravity. 

The coupled electron and hole state are characterized by discrete energetic 
levels of the hydrogen-like atom. The absorption spectrum of such a system 
Should therefore consist of discrete lines (*) corresponding to the transitions 
of the system under the influence of light into various excited states of the 
exciton. In these states the exciton is not a carrier of current. The photocon- 
ductivity should be originated when the light of a higher frequency can dis- 
sociate the exciton and transfer it into the state with a free electron and a 
hole, when they become the current carriers. 

Hence, it follows that the discrete energy levels of the excited states of the 
exciton should be located below the edge of the empty band, while the red limit 
of the exciton dissociation should coincide with its lower edge (defined from 
the optical data) (7). i 

Hence, it is evident that the discrete absorption lines, corresponding to 
the electron transitions into the exciton states, should be located in the spec- 


(*) It is known that there is usually surplus oxygen in the Cu,O crystal, which 
may be removed by way of continuous heating of Cu,0 at high temperatures in the 
vacuum. But, despite such a processing of the Cu,0, the series of absorption lines was 
preserved in Cu,O spectrum. This testifies to the fact that the origin of the series is 
not connected with the surplus oxygen in the crystal. 

(+) The positive hole mass approaches that of the electron and, therefore, it is 
more natural to consider the exciton to be analogous to the positronium, than to 
the atom of hydrogen. 

(*) The possibility of the existence of narrow lines in absorption spectra of crystals 
was shown also by PEIERLS [27]. 

(-) The definition of the zone edge by the spectroscopic data may not coincide 
with the thermic one. 
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trum on the red side of the characteristic absorption edge, and converges to 
the limit of the series, located at the edge of the characteristic absorption. 

The following serial relation of the hydrogen-like atom for the frequencies 
of the exciton absorption spectrum results from theoretical considerations: 


R' 
V, = Vo TT VEN levee 
n foo} nz? 2 , ’ , 


where v, is the frequency of the n-th absorption line in the exciton spectrum; 
v_, is a constant corresponding to the value of the frequency of the serial limit 
in the exciton absorption spectrum, i.e. corresponding to the energy of the 
exciton photodissociation; » is the quantum number, assuming the value of 
integers 1, 2, 3, ...: R' is a quantity defined by the relation 


pr Blulm) 
mi J 
ni 
where R is the Rydberg constant; , is the index of refraction; m is the electron 
mass in the vacuum; is the reduced effective mass of the exciton, 


where 4, aud 4, are the effective masses of the electron and the hole. 

If we pass now to the experimental results described above, it turns 
out that the experimental data agree well with the concept of exciton. 
‘Then, the experimental data make it possible to determine the reduced exciton 
mass ww for Cu,O from the values of the constant B of the exciton series, and 
to calculate by that either the effective mass “4 of the electron or the effective 
mass 4, of the hole, if one of these values is known. 

Assuming that u, = 1 (*) and n = 2.5, we obtain the value py, = 0.4 from 
the data for the exciton spectrum. 

Thus, we obtain from the exciton spectrum a reasonable value for the 
effective masses, which demonstrates the good agreement between theory and 
experiment. 

The above-mentioned considerations drive Us to the conclusion that the 
hydrogen-like series of narrow lines in the yellow part of the absorption spec- 
trum of the Cu,0 crystal observed by us [10, 12] is the optical spectrum of the 


(*) The value 4, = 1 may be taken as an average from the values for 4, = 1.5 + 1.8 
obtained from the data for the F-centre in the Cu,0 crystal and the value , = 0.5 
obtained from the thermoelectric electromotive force and from the Hall effect. These 
data were kindly given us by S. I. PEKAR and V. P. Zuze. 
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exciton and serves as a direct proof of the existence of excitons in the crys- 
tal lattice. 

These results were first obtained by us in the spring of 1951 (*). 

Several months later, the fact of the existence of the hydrogen-like series of 
narrow lines in the solid, found in our experiments[10, 12 ]with the Cu,O crystal, 
was confirmed by the Japanese physicists HAYASHI and KATSUKI [28] who ob- 
served in the yellow part of the Cu,O spectrum the series of lines, which was 
erroneously ascribed to the polaron (self-trapped electron). In 1954 our expe- 
riments on Cu,O were repeated in France and once more confirmed by NIKITIN 
and his colleagues [29]. 

The exciton formation in the crystalline lattice under the influence of the 
quanta of light may be presented by the diagram plotted in Fig. 6-a. In Fig. 6-b 
is plotted the diagram of a hydrogen atom, whose scale is decreased by R/R’ 
times in order to compare it with the energetic scheme of the exciton. The 
comparison of the two diagrams demonstrates the difference between the sche- 
me of the exciton formation from the main level in the crystal: 


rr co 


and the scheme of the excitation of the hydrogen atom from the main (normal) 
state of the hydrogen atom: 


il iL) 
— re ) MESI 


IE © pe 


Contrary to the hydrogen atom, to generate an exciton it is necessary 
to spend the energy »,, i.e. the energy of the exciton formation in the 
state n =1 (+). The theory does not give this value, but », can be expe- 
rimentally determined from the exciton spectrum in the same way, as the 


(*) The results of these researches: were reported on 19 September 1951 at the 
Institute of Technical Physics of the Academy of Sciences of the USSR (Leningrad) and 
on 12 December 1951 at the Institute of Physics of the Academy of Sciences of the 
Ukr. SSR (Kiev). 

(*) If the number of excitons having the quantum number n=1 were sufficiently 
large, the series of transitions of the exciton from the state n=1 into the excited states 
with quantum numbers n=2, 3, 4, ..., could have been observed. This series of lines, 
similar to the Lyman series of the hydrogen atom, should lie in the infra-red. It is 
possible, that in certain crystals with a very narrow forbidden zone, the concentration 
of excitons generated thermically might be sufficiently high to observe this « infra-red 
series ) of the exciton. 
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value v_ of the exciton photodissociation. For the cuprous oxide v,=2.023 eV, 
v_ = 2.164 eV. The frequency of the first member of the exciton series defines 
the lowest energy of the exciton formation. The exciton may be formed in 
the excited states, and higher energies are required for this purpose (Fig. 6-a). 

It is evident from the comparison of the exciton spectrum with that of the 
hydrogen atom by the differences: Av, = Vv, n; given in the last column of 
Table I, that considerable deviations from the hydrogen-likeness take place 
in the first member of the exciton series, n = 1. Hence, the Coulombian law 
of interaction between the electron and the hole in the crystal considered as a 
dielectric medium, introduced by Mort [18]: 


fel 2) 
OA 


is not verified for the small exciton orbits. The corresponding levels of energy 
lie deeper than the hydrogen ones, as it is evident from Fig. 6. 

_ The first member of the exciton series in Cu,O stands out not only thanks to 
its position but also thanks to its exceptional narrowness, sharpness and excee- 
dingly low intensity, if compared to the other members of the series. In order 
to ensure good observation, it is necessary to take thick plates of Cu,O. Fig. 4-4 
and b give the spectrograms obtained with plates of Cu,0 0.5 and 
1.7mm thick. The first member of the series, n = 1, is quite clearly seen in 
this case. One may also see here the « step » and the emission lines on its edges, 
of which we spoke above. Fig. 4-6 gives the spectrogram of the first line of 
the series next to the comparison spectrum of iron, wherefrom it is seen that 
the width of the first member of the series is comparable with the width of the 
Fe atomic lines. The very weak absorption of the first line of the series and its 
small width show that the transition from the main level of the Cu,O crystal 
to the first level of the exciton n = 1 takes place with a very low probability 
and is forbidden by the selection rules. The strong absorption in other lines of 
the exciton series shows that in the cuprous oxide there is higher probability 
of formation of excitons in the excited states. 

According to FRENKEL [4] there can be two main types of excitons in the 
crystal. He called them « free » and «trapped ». These two types of excitons 
were recently considered by DAVYDOV [30] for the case of molecular crystals 
(«free » and «localized » excitons) and by DyKMAN and PEKAR [31 ]and DyK- 
MAN [32] for the ion crystals (« non-polarizing » and «polarizing » excitons). 

The very small width not only of the first, but of the other lines of the 
exciton yellow series in the Cu,0 crystal, leads to the conclusion that the 
exciton quickly migrates around the Cu,O crystal, i.e. is a free, nonpolarizing 
exciton. 
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5. Green Series of Excitons in Cu,0 Crystals at 7 = 77.3 °K (Liquid Nitrogen). 


For the forthcoming study of the discovered phenomena, it was interesting 
to advance into the region of continuous absorption of Cu,O behind the limit 
of the yellow series of the exciton. The study of this region presents great 
difficulties because of the very high absorption coefficient. Still, at a very 
large exposition, already in our first experiments, we found [12]a hetero- 
geneity in the continuous spectrum of the Cu,O absorption behind the limit 
of the yellow series of the exciton. The strong continuous absorption, beginn- 
ing just behind the line series, gradually decreases with the advance into the 
short-wave region and reaches a certain wide minimum located (at 7 =77.3 °K): 
approximately near 2 = 5500 A (2.25 eV). This pointed out to a certain hetero- 
geneous structure of the conduction band in the Cu,O crystal. Therefore, we 
undertook together with B. P. ZAHARCENJA [33], a new study of that pheno- 
menon with thin plates. Careful polishing made the Cu,O plates about 20 u. 
thick. 

In the absorption spectrum of the Cu,O thin plates, at the temperature: 
of the liquid nitrogen (7= 77.3 °K), after the minimum of absorption on the 
short-wave side of the yellow series a new «green» series of narrow lines. 
appears. These lines converge to the short-wave side to the limit after which 
the continuous absorption is observed [33]. We have succeeded in the observ- 
ation of the 4 lines of the second series on a spectrogram. The absorption of 
light in the lines of the green series is much stronger than in the lines of the 
yellow one, and they are wider. The measurements have proved that the 
frequencies y, of these four lines also well correspond to the serial regularity 
of the hydrogen-like atom: 
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At the liquid nitrogen temperature we could neither visually, nor spectro- 
graphically observe the line which might have been interpreted as the first 
member n =1 of the green series. 

Fig. 7 (a, b) gives a part of the spectrum, where one may see both series (a), 
the green series being magnified (0). 

Table II gives the frequencies y, of the lines of the green series, as well 
as the differences Ay, between the frequencies v_ of the series limit and those 
y, Of the lines observed: 


Avn = ve — n = (18507 — »,) em-?. 
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TABLE Il. — Position of the lines of the exciton green series in the Cuy0 absorption spectrum 
GIANT 


Quantum | Wavelengths Energy | Frequencies Ay, in om 
number » fis sie UN in eV | v, in em | IAT Cara 
| 
1 — ni | == a2 1246 
2 5496 2.255 | 18195 | 312 311 
3 5444 2.277 | 18 369 138 138 
4 5426 2.284 | 18429 78 We 
5 5419 2.287 18 454 53 50 
: : : | ue 0 : 
co 5404 21204 13507 0 


The experimental values of the differences Ay, are confronted in Table II 
with the values /v,, calculated from the relations (2) 


B 1246 
Avy, =— = ema; NM == 2,3, 4 Oe 
n n? 


As it follows from Table II, also the frequencies of the second series sa- 
tisfy very well the serial regularity of the hydrogen-like atom. 

We assume that the second hydrogen-like series in the cuprous oxide, 
as the first series, is caused by excitons in the crystal lattice of Cu,O- 

One of the possible explanations of the appea- 
rance of the two series in the absorption spectrum may A; 
be the assumption of the existence of the two over- dv 2 
lapping free bands in the Cu,O crystal, asitis shown in 
Fig. 8. Each series converges to its conduction band. Sl 

One should pay attention to the fact that the LI 
difference in frequencies of the limits of the yellow | 
and green exciton series, dv = 0.131 eV, within the | ill 
limits of measurement errors, coincides with the energy || | 
of one of the infra-red absorption bands in Cu,O [10], Il | | 
which is of 0.138 eV. || 

The green series in the cuprous oxide was also 
observed by the Japanese physicists HAYASHI and | 
KATSUKI [28] who also ascribe it to the exciton, while Fig. 8. — Alternative dia- 
they relate the yellow (first) series in Cu,O, to the gram of excitation of the 
polaron (self-trapped electron). This seems to us tobe yellow and green series- 
wrong for the following considerations: in Cu,0. 

1) The polaron dissociation energy is of the 

order of 0,1 eV [34], and therefore the absorption spectrum of the polaron 
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should be located in the infra-red region, but not in the visible one, as the yel- 
low series in Cu,O, the excitation energy of which is of the order of 2 eV. 

2) By its polarization nature, the polaron is tightly bound to the lattice 
vibrations, and therefore the optical spectrum of its excitation must consist 
mainly of one wide band, as it is in case of Y-centres [34, 35], but not of a 
series of several very narrow lines, as in the case of the yellow series. 

3) The temperature going down, the absorption of light caused by polarons 
should sharply decrease, as the polaron concentration in the crystal decreases 
according to an exponential law [34]. Nothing of the sort can be observed 
in the Cu,O yellow series. 


‘6. — The Exciton Spectrum in Cu,O at 7 — 4.2 °K (Liquid Helium). New Lines. 


The following phenomenon was observed [36] with a prism spectrograph 
having a dispersion of 7 A/mm near 72=5800 A, when the Cu,O crystal is cooled 
down to the temperature of the liquid helium (7= 4.2 °K), The lines of the 
yellow series as well as of the green one became much narrower than at the 
liquid nitrogen temperature, and both series shifted ever more to the shortwave 
part of the spectrum. 

One more step was found [36], where the continuous absorption 
undergoes a leap. That step is located at 7 = 5841 A (2.1219 eV). We found 
also another very weak line on this step at 2 = 5817 A (2.1306 eV). We as- 
sume that this line is the first member (n = 1) of the exciton green series. 

Table III gives the wavelength of the absorption lines of the yellow 
and green exciton series in Cu,O at T= 4.2K. 


TABLE III. — Position of the lines of the exciton yellow and green series in Cu,O 


Ci eA DOK 
Quantum) — Sor series Green series Pi * 
number \Wavelengths| Energy |Frequencies||Wavelengths| Energy | Frequencies | 
È; 7A in eV v, in em! fe tin A in eV v, in em | 
1 6095.8 2.0332 16404.7 5817 2.131 17191 
2 5770.8 2.1477 17 328.6 5 469 2.266 18285 
3 5735.0 2.1611 17 436.8 5419 2.287 18 454 
4 5 722.8 2.1657 17473.9 5402 2.294 18512 
5 5716.8 2.1618 17492.3 5 394 2.298 18539 
6 5713.1 2.1694 17 503.6 : : : 
So 5706.6 2.1719 17 523.3 5380 2.303 18.587 


a_i 


aii 
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The frequencies of the lines of the yellow as well as of the green series at 
T=4.2°K (with the exception of the first members) satisfy the hydrogen-like 


serial relation 


for the yellow series: v, = (17 523.3 — 


780.7 


2 


où —1 ] — 5 
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+ 1200) 
for the green series: v, = (18 DS = cms, i) = Wy a 
n 
At the liquid helium temperature in the absorption Y fy 
spectrum of the Cu,O crystal, we discovered [36] 7new n.° 
weak thin lines of absorption, located between the lines °° * ET »4 
4 A A . d 6, n=4 CEE 
of the yellow exciton series, as it is shown in Fig. 9. e 
‘ È i : 5 = EN 
The frequencies of these new lines are given 1n Table IV. a ge 
n ) EEE 
ni=2! 
n'-2 
Fig. 9. — Diagram of the disposition of the weak absorption lines ie 
between the exciton yellow series members at T=4.2 °K. 2) pre 
TapLe IV — Position of the new weak lines in the Cu,0 exciton spectrum 
at T=4.2°K and T= 1.3°K. 
[T= A 2OK Te Te SOKS 
Besten auton Wavelengths Frequencies Wavelengths | Frequencies 
in A in em! in A in em! 
n 2 5 758.7 17 365.0 5758.8 17 367.1 
| n'—2 5753.2 17 381.6 5752.5 17 383.7 
n' — 2 5 746.3 17402.5 5745.1 17:406.1 
n!" 3 5731.8 17 446.5 5731.8 17 446.5 
5729.5 17 453.5 
| "_ 3 5 729.0 17 455.0 | 
papa B28 di 5728.0 17458.1 
5727.3 17 460.2 
5 726.5 17 462.7 
rs | 5 726.5 17462.7 
cia Sa Ar 5726.0 17464.2 
| 5725.4 17 466.0 
| 5719.3 17484.7 
_ 5719.8 17483.1 J ; i : 
oak pe ; | weds 17488.3 
| 5 714.7 17 498.7 
| 5713.9 17 501.2 


Fig. 10 give 
ker lines, observed at T= 4.2 


s the photographs of the yellow series members, and the wea- 


oK, are seen among them. The new lines pos- 
sess different absorption coefficients and therefore cannot be revealed with 
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sufficient clearness simultaneously in the same spectrogram. Therefore, Fig. 10 
gives three spectrograms (a, 6, and c) which are taken with different 
exposures: 20 min, 5 min and 5 s, in order to reveal the new lines. These new 
lines are marked with pointers in Fig. 10. 


7. — The Exciton Spectrum in Cu,0 at 7 = 1.3 °K (Liquid Helium). 


Further study of the absorption spectrum of the Cu,O was undertaken 
‘with a spectrograph having a diffraction grating with a dispersion of about 
4 A/mm. Besides that, the Cu,O crystal was cooled down to the ever lower 
temperatures which may be attained by the evaporation of the liquid helium 
at low pressure. 

At T=1.3°K, when the exciton spectral lines become ever narrower, 
_it was possible to observe [37] that certain lines of the exciton yellow series, 
beginning with the second, showed a fine structure. 

At T=1.3°K, due to the narrowing of lines and to the very strong 
weakening of the continuous background, we could observe distinctly [37] the 
highest members of the exciton yellow series near the series limit, the 9-th 
member of the series included (*). 

Fig. 11 gives the spectrogram of the yellow exciton series at T= 1.3 °K. 
The spectrogram of the same series at 7— 77.3 °K taken from the same Cu,O 
plate 160 pm thick, is compared to it. It is seen from these spectrograms 
what a strong weakening (in the transition from T= 77.3°K to T=1.3°K) 
characterizes the continuous spectrum laying upon the series, and what a 
narrowing the series lines undergo at T= 1.3 °K. 

Table V (second column) gives the frequencies of the lines of the exciton 
yellow series we observed at 7T=1.3°K. The measurements concerk the 
middle parts of the lines, their fine structure being not taken into account. 

The narrowing of the absorption lines at 7 = 1.3 °K makes it possible to 
measure the frequencies of the lines of the yellow series, and, particularly, 
its highest members n =7 and n=8, with relatively greater accuracy. One 
may use the measurements of these lines of the series, for which the hydro- 


(*) Attention should be paid to the size of the exciton orbits which should cor- 
respond to the highest members of the series (n=10) observed in the experiment at. 
T= 1.3° K. For such high quantum numbers, the radii of the exciton orbits in the 
crystal are enormous. Assuming u,=,=, we obtain for the radii of the orbits of 
the electron and hole in the exciton: 


EZIO Soap anne 
Tn exciton = 2lig Nn = n-ne A 


Ty is the first orbit radius in the hydrogen atom, n, is the refractive index of the crystal. 
Assuming m)=2.5 and n=10, we obtain ro exciton 2600 A. 
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Fig. 10.—Spectrograms of the exciton yellow seriesmembers at T= 4.20K, with weak lines 
between them, obtained with the following exposures: (a) 20 min; (b) 5 min; (e) 58. 


Fie. 11. Spectrograms of the exciton yellow series in C,0 at: (a) T=1.3 °K; 
(b) P=77.3 °K. 
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TABLE V. — Position of the members of the Cu,0 exciton yellow series at T=1.3 °K. 


Quantum Observed values Calculated values 

numbers of frequencies »,, of frequencies v, } Ae 
n in em in em in cm™ 
1 16 406.8 16 814.0 407.2 
2 1739313 17 346.9 15.6 
3 17438.3 17445.6 Wes 
4 IZZO 17480.1 2.8 
5 17949.4 17496.1 TT 
6 17 504.5 17 504.8 0.3 
7 17 510.0 17 510.0 0 
8 17 513.4 17 513.4 (0) 
9 17 515.8 17 515.8 (0) 
co —— 17 524.5 — 


gen-likeness can be well observed, to calculate (*) the constants v, and B 
of the serial relation of the yellow series frequencies. We obtain: 


710.5 
Da = (17 524.5 — Jom, (= IE Siro e 


n? 


The values of the frequencies of the yellow series, calculated by this formula, 
are given in Table V, column 3. The differences between the observed and 
the calculated values of frequencies demonstrate deviations from the hydrogen- 
likeness of the yellow series members. Table V shows that this discrepancy 
takes place not only in the first member of the series n = 1, but also in 
the other serial lines n = 2, 3, 4,5, and the value of these deviations 
decreases with the increase of the quantum numbers. Thus, the, smaller 
the exciton orbits are, the greater deviation from the hydrogen-likeness is 
observed. This may be explained, on one hand, by the fact that one may 
neglect the crystal microstructure and consider it macroscopically, as a 
medium with a certain dielectric constant, only in case of large exciton orbits. 
On the other hand, the deviations for small orbits might be explained by the 
fact that the hole in the crystal is not a point charge. 

At T=1.3 °K, we found [37], between the serial members n = 4 and n=5 
and between n=5 and n = 6, new lines besides the lines we observed [36] 
qu 2A? OK. 

Besides that, some of the previously observed weak lines between the 
members of the yellow series splitted at T= 1.3 oK into several very narrow 
thin lines, due to the narrowing of the lines. 


(*) These calculations were performed by B. P. ZAHARCENJA. 
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All lines observed at 7= 4.2 °K and 7=1.3 °K, located between the mem- 
bers of the exciton yellow series, are compared in Table IV (*). 

According to our study of the Stark effect of the exciton yellow series [38, 39] 
(see $ 8 below), the lines observed between the members of the exciton series 
at the liquid helium temperature (Table IV) appear under the influence of 
the external electric field at the liquid nitrogen temperature and increase in 
intensity with increasing field. Therefore, they can be ascribed to the for- 
bidden electronic transitions appearing under the influence of the external 
electric field. 

Now it is yet difficult to formulate a conception on the energetic levels, 
between which these forbidden transitions take place. Probably, the existence 
of these levels is connected with the incomplete hydrogen-likeness of the ex- 
citon energetic scheme. 

Deviations from the hydrogen-likeness in the exciton structure should lead 
to the elimination of degeneration in relation to the quantum number / (deter- 
mining the orbital angular momentum) and to the appearance of new levels 
in the exciton energetic scheme. The appearance of new forbidden lines in 
the exciton spectrum between the members of the yellow series should be then 
related to the violation of the selection rules: Al = +1. 


8. — Stark Effect in the Lines of the Exciton Spectrum. 


a) Homogeneous electric field. — It is a fact well-known, that the splitting 
of the lines of atomic spectra in ma- 
LL gnetic and electric fields is of great aid 
I~ in the analysis of complex spectra. The- 
I. WS refore, we have undertaken the study 
of the influence of the external electric 
and magnetic fields on the exciton  se- 
ries lines in the cuprous oxide. These expe- 
riments, interesting in themselves, might 


give us the opportunity, as we expected, 
of studying more comprehensively the 
complicated spectrum of Cu,O and help us 
Fig. 12. — Scheme of electrodes in the interpretation of the new lines we 
for the study of Stark effect in discovered at the liquid helium temperature. 
Cu,0 crystal: (a) linear electrodes We might expect a great Stark effect in 
gop Ue ee teas SL DOMORO: the exciton spectrum due to its hydrogen- 
neous » electric field; (6) point by , [aoe 

which the inhomogeneous field is likeness and to large orbits of the exciton’s 

obtained. electron and hole. 


(*) In the region of the first serial member n=1 at the temperature of liquid 
helium, we have noticed a weak hazy line at 2 = 6039 A (2.0523 eV). 
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Placing the Cu,O crystal in the electric field, we found [38] new pheno- 
mena leading to great changes in the exciton spectrum. 

At the first stage of our experiments we examined the exciton yellow 
series at T = 77.3°K. We used for the study of the Stark effect two 
sources of electric field, of 20 and 70 kV, which were applied to the Cu,O 
plates by the electrodes shown in Fig. 12-a. The study of the behaviour 
of the exciton absorption lines in the electric field was performed by means 
of a prism spectrograph with a dispersion of 7 A/mm in the yellow region of 
the spectrum (*). 

In the Cu,O plates used in these experiments, we succeeded [38] in follow- 
ing the influence of the electric field on 5 members of the exciton yellow series 
(n =1, 2,3, 4,5). As it might be expected according to the theory of the 
Stark effect, the highest members of the series, with quantum numbers 
n= 5,4 and 3, turned to be mostly affected. Thre electric field influence is 
found, at first, only on the n = 5 line and becomes noticeable already at com- 
parably weak fields (approximately 5 kV/cm) (+). 

With the increase of the electric field, the n —5 line first widens 
and then, approximately at 6 kV/em, a triplet appearing at its place becomes 
noticeable. The field being stronger, the widening of the n = 4 line becomes 
visible, and a new line appears between n = 4 and n = 5, which is the line 
ni 4 observed between these members of the exciton series at the liquid 
helium temperature [36] (Table TV). Then the field being increased up to 
approximately 8 kV/cm, two components replace the n = 4 line, thus forming 
a triplet together with the line n'— 4, the intensity of which has increased with 
increasing field. The distance between the triplet components increases with 
the increase of the applied field. 

The field being increased within the interval 8 + 10kV/cm, 3 more lines 
appear between n = 3 and n = 4, corresponding to the lines n'— 3, n’—3, 
and n”— 3, which we also found at the temperature of the liquid helium 
(Table IV). Further increase of the electric field leads to great changes in the 
exciton spectrum. The lines n’— 3 and n”— 3 increase in intensity : when the 
field is strengthened, they widen and move together from the line n = 3 of the 
exciton series to the violet part of the spectrum. The series member.” = 3, 
on the contrary, shifts to the red part of the spectrum with the increase of the 
field and, widening, it merges in the wide band which appears on the long- 
wave side of the line n = 3 and increases in intensity with increasing field; 


(*) A. A. KALINJAK and L. G. FeDOROVIÒ, in Dokl. Akad. Nauk SSSR, 96, 1137 
(1954), studied the influence of the electric field on the exciton spectrum. 

(+) We could judge on the average value of the electric field only by the applied 
potential and by the distance between the electrodes. 
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by its position in the spectrum, this band corresponds to the lines. n’/— 2 and 
n*— 2 observed at the liquid helium temperature (Table IV). 

Simultaneously with this band, a clear and wide line corresponding to 
the n" 2 line observed in the liquid helium appears between n = 3 and 
n= 2, with the increase of the field (Table IV) (*). 

We have observed only a small widening and a certain weakening in the 
intensity of the serial member n = 2 under the influence of an electric field 
of the order of 20--25 kV/cm. Even at maximum fields of about 50 kV/em 
used in our experiments, we could not notice any changes in the first serial 
member n = 1, despite of its exceeding narrowness. 

We discovered a very interesting phenomenon, simultaneously with the 
above-mentioned alterations in the exciton spectrum in case of a gradually 
increasing electric field. When the electric field increases, the highest 
members of the exciton series, together with their components, widen and, 
together with their satellites (new lines), weaken in intensity and gradually 
disappear: first, the line n= 5; then, at a higher field, n = 4; and at last, 
at an even stronger field, n = 3. Simultaneously, the continuous spectrum ad- 
vances from the limit of the series to the place previously occupied by the series 
members, which had gradually disappeared together with their components 
under the influence of the field (+). We succeeded in observing the fact, that 
at sufficiently strong fields, only the two first members n=1 and n= 2 remain- 
ed practically out of the whole exciton series (*). 

The phenomenon of the disappearing of the highest members of the exciton 
series under the influence of the electric field is caused, in our opinion, by the 
extraction of an electron from the exciton levels by the field, i.e. by the 
ionization (dissociation) of the exciton by the electric field. 

This effect in the exciton is analogous to the phenomenon of the ionization 
of the hydrogen atom in a strong electric field, forecast first by OPPENHEIMER [40] 
and found in the hydrogen «atom by RAUSH von TRAUBENBERG [41]. The 
theory of this phenomenon for the hydrogen atom was developed by LANc- 


(*) Although the wavelengths of all the new lines in the liquid nitrogen and in the 
helium differ, due to the difference of temperatures, their location in relation ‘to the 
serial members in both cases is identical, which leaves no doubts as to their identity. 

(i) The same phenomenon was observed in the green exicton series as well. 

(*) The disappearing of the highest members of the exciton series, in case of the 
electric field increase, might be apparently interpreted as the result of the Cu,O heating 
by the electric current, increasing with the increase of the field. But this is not correct. 
Specially designed experiments have proved that the disappearing of the highest 
series members up to n=3 included, in case of the crystal heating, is connected with 
a very strong shift of the whole series oi lines, the first members n=1 and n=2 among 
them, to the red part of the spectrum, which is not observed in the electric field. 
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208 [42]. The probability of the exciton destruction by the electric field was 
examined by SEITZ [43]. According to the experiments of RAUSCH VON TRAU- 
BENBERG, a field of the order of 10% V/cm is necessary to observe the ioni- 
zation of the hydrogen atom by the electric field. The value of the critical electric 
field for exciton ionization, as our experiments prove, decreases down to the value 
of the order of 104 V/em, because of the big electron orbits, of the hole in the 
exciton and of the influence of the dielectric constant of the crystal. 

The alterations we observed in the exciton spectrum, under the inftuence 
of the increasing electric field, are schematically shown in Fig. 13. Fig. 14 
gives the spectrogram of the Stark effect in the Cu,O crystal exciton spectrum, 
where one may see the widening and the separate components of the exci- 
ton series members, the appearance of new lines and the gradual disappea- 
ring of the highest members of the exciton series, with the increase of the field. 


Fig. 13. — Diagram of changes which take place in the spectrum of the exciton yel- 
low series in Cu,0 crystal, under the influence of the increasing external electric field at 
Wasa) AKe 


As it has been already mentioned above, we consider the new lines as the 
«forbidden » ones, resulting from the appearance, due to the influence of the 
electric field, of the transitions between the exciton levels in the Cu,O crystal 
forbidden by the selection rules. 

We have also investigated the state of polarization of the exciton lines 
in the electric field. The experiments have proved that one may observe in 
the exciton spectrum under the action of the electric field, as usually in the 
Stark effect, the components polarized in the direction parallel to the field 
(x components) as well as those polarized in the direction perpendicular to the 
field (o components). So, the line n”—3 is polarized parallel to the field, 
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while the line n’— 3 is perpendicular to it. The 7 and o components are also 
observed in the serial member n = 4. 

The quantitative determmations of the values of the shifts of excitons 
spectral lines in the electric fields are difficult, because the determination of 
the field strength in the crystal is affected by grave errors. Having taken 
Cu,0 plates, in which the electric field was comparably bomogeneous (*), and 
the Stark splitting uniform along the whole length of the Cu,0 plate, projected 
upon the spectrograph slit, we have performed the quantitative measurements 
of the shift of the exciton lines, depending on the average strength of the 
electric field #, determined from the potentials and from the distance between 
the electrodes (Table VI). The data of the table may give an idea of the 
values of the shift of the exciton lines in the electric field, but not of the 
laws (linear or quadratic) to which the shift of lines in the field obeys. 


TaBLE VI. — Shift of the exciton lines of Cu,0 in the electric field. 
= CAEN n=4 Ny! = 4. 
| im) AY) Z DAS A È 
in kV/cm | Agia in kV/em di in A in kV/em Ant in KV/em Ak in A 
ili es ia. sE si 
| 
10 | + 0.4 9 | 0 vi + 1.0 7 an) 
14 | + 1.2 12 | == (si 12 RUS 10 — 0.5 
18 + 2.1 14 OI 13 + 2.0 12 — 0.9 


The results of the above-mentioned experiments show that the Stark effect 
on the exciton lines in the Cu,O crystal greatly differs from that in the atom 
of hydrogen. This indicates the deficiency of a hydrogen-like Mott’s model 
of the exciton. 


b) Inhomogeneous electric field. — In order to study more thoroughly the 
observed phenomena, it is easier to follow the behaviour of the exciton lines 
in a gradually increasing electric field; with the aim of attaining stronger 
fields, we have undertaken the study of the Stark phenomenon in an inho- 
mogeneous electric field [39]. 

As it is known, the observation of the Stark effect on atomic spectra in 
inhomogeneous fields is performed by the Lo Surpo [44] method near the ca- 
thode of the discharge tube, where there is a strong decrease of the potential dif- 
ference and high gradients of the electric field. We have used a point for the 
formation of strong inhomogeneous electric fields with high gradients in the 


(*) As far as it can be attained in the Cu,0 erystals with the electrodes shown 
in Fig. 12-a. 


Fig. 14. — Speetrograms of the Stark effect 


the lines of the exciton yell 


ow series in the Cu,0 crystal at 
values of FL. 


E. F. Gross 


20 


in a «homogeneous » electric field # on 


T — 77.3 °K, with various 


E. F. Gross 


Fig. 15. — Spectrograms of the Stark effect in an inhomogeneous electric field # on the 
lines of the exciton yellow series in the Cu,O crystal at 7=77.3 °K: (a) with point 
electrode and difference of potential 8kV/em; (b), (e), (4), (e) and (f), with linear 
electrodes, the difference of potential being correspondingly: 10, 12, 15, 20 and 25 kV/em. 
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cuprous oxide crystal. One of the electrodes, through which the electric field 
was applied to the Cu,O plate, was linear and sufficiently long, the other one 
was the point. The scheme of the electrodes is given in Fig. 12-b. With such 
a disposition of electrodes, the decrease of the potential should have been 
concentrated near the point, where the field should have been strong and 
inhomogeneous. 

Forcing the light through the Cu,O erystal near the point, and projecting 
the point on the spectrograph slit, we observed the absorption spectrum of 
the exciton in the range of the strong electric field near the point. Using this 
method, we could observe [39] in the exciton spectrum a characteristic picture 
of the splitting of lines in the electric field, which is analogous to that observed 
in atomic spectra by the Lo Surdo method. Fig. 15-a gives the photograph 
of the Cu,O exciton spectrum in the inhomogeneous electric field, obtained 
by means of the point, with a difference of potential between the electrodes. 
of about 8 kV/em: 

In some particular cases, we could observe a clearer picture of the 
Stark effect in the inhomogeneous field. Studying the Stark phenomenon 
in various specimens of Cu,O with the electrodes of Fig. 12-a (without the 
point), we found on the spectrogram that the splitting of the exciton lines 
in various specimens is different along the line aa,, projected on the slit of 
the spectrograph. This pointed out to an inhomogeneity of the electric field 
in some Cu,O plates along the lines aa, connected with certain peculiarities 
in the structure of the plates, or with defects in the electrodes contacts. 

In one of these Cu,O plates, these properties were exceedingly clearly ex- 
pressed, and the Stark phenomenon was very strong. Fig. 15-b, ¢, e and f 
show the spectrograms we obtained with this Cu,O plate, the difference of 
potential being correspondently 10, 12, 15, 20 and 25 kV/cm. 

Very strong electric fields, generated in the Cu,O crystal by inhomoge- 
neous electric fields, made it possible for us to state new facts escaping our 
observation in « homogeneous » electrie fields. We have succeeded in discovering 
the electric field influence on the second and first members of the exciton 
series (n = 2 and n = 1). In strong fields the line n = 2 weakens in inten- 
sity, widens a little and sbifts to the red side of the spectrum, as it is seen 
on Fig. 15-f by the bending of the end of the line n = 2 on the lower edge of 
the spectrogram. 

Bven in strong electric fields, we could observe neither the shift, nor the 
splitting of the first line n = 1 of the exciton series, despite of its exceeding 
narrowness. Only on the lower edge of the spectrum, corresponding to the 
region of the Cu,O crystal near the point, where the field is most intensive, 
we have found a considerable increase in intensity of the line n=1. In this 
respect the behaviour of the line n = 1 in the electric field is similar to that 
of the lines forbidden by the rules of selection. 
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The absence of splitting of the first serial line even in strong electric fields 
confirms its interpretation, as the first member 18 of the exciton series. 

As it is evident from the spectrograms (Fig. 15), all the characteristic fea- 
tures of the Stark phenomenon appear more clearly in the exciton spectrum 
with inhomogeneous electric fields: 


1) Appearance of components of the lines in the electric field and in- 
crease of distances between them, with the increase of the field. 


2) Shift of the lines to the red and violet sides of the spectrum, with 
the increase of the field. 


3) Widening of the lines with the field. 


4) Appearance of new forbidden lines in the electric field, increase of 
their intensity and shift of them to the red or violet sides of the spectrum, 
with the increase ot the field. 


ew 


5) Gradual disappearing of the highest members of the exciton series 
with the increase of the field. 


These phenomena are so characteristic and similar to the splitting of 
the lines of free atoms spectra in the electric field, that they leave no doubts 
as to the fact, that here the Stark effect takes place, though, according to our 
knowledge, this effect has never been observed up to now in crystal spectra 
in external electric fields. 


9. — Zeeman Effect in the Lines of the Exciton Yellow Series. 


The splitting of spectral lines of the free atoms does not depend on the radii 
of electron orbits (principal quantum members n). Therefore, one should expect 
that the Zeeman splitting of lines of the exciton, contrary to the Stark phe- 
nomenon, would be of the same order of magnitude, as the splitting of lines 
in the atomic spectra. 

The experimental study of the Zeeman effect on the exciton lines was per- 
formed with a diffraction grating spectrograph having a dispersion of 4 A/mm. 
The studies were performed with unpolarized light, as well as with polarized 
one, with the application of polarizing prisms permitting the passage of light 
with the electric vector directed perpendicularly or parallelly to the direction 
of the magnetic field. All these studies were performed at the liquid nitro- 
gen temperature (7 = 77.3°K). Some experiments were performed at the liquid 
helium temperature (4.2°K). 

In these conditions, we observed the splitting of the first member n = 1 
of the yellow exciton series in the magnetic field. We obtained a most clear 
picture of the Zeeman splitting, when studying the phenomenon with pola- 
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rized light. Im case of such a position of the polarizing prism-analyser, that 
the light is polarized with the electric vector perpendicular to the magnetic 
field direction (0 components), the Zeeman splitting of the first member of 
the exciton yellow series gives a doublet, the components of which are 
symmetrically disposed in respect to the initial position of the line n = 1, 
when the magnetie field is zero. In case of another polarization (7 compo- 
nents) we observed the absorption line located in the same place of the 
initial line, when the field is zero, but widened. Witliout the polarizing prism 
analyser the picture of splitting is not clear and, therefore, it is diffcult 
to state wheather there is a triplet or a more complicated splitting, connected 
with the splitting of the x component. The above mentioned widening of the 
line of the x component also drives to the thought of an unresolved, more 
complicated structure of this line. 

Fig. 16 gives the photographs of the Zeeman splitting of the first mem- 
ber of the exciton yellow series taken at the temperature T= 4.2 °K. 
Table VII gives the numeric values of the distances between the o doublet 
components we obtained in magnetic fields of 26000 and 32000 oersteds. It 
follows from the data of Table VII, that the numeric values of the Zee- 
‘man splitting of the exciton are the same, as in free atoms. The splitting A», 
as it should be in the Zeeman effect, is proportional to the magnetic field H. 


TABLE VII. — Values of the Zeeman splitting of the first member of the Cu,0 exciton 
yellow series (c-components). 


H in oersted | Aa in A | Ay in em} | (Av/H)- 108 
| | | | 
26 000 0.9 | 2.4 | 92 
| 32.000 | li | 2.9 | 91 


We could not observe the Zeeman splitting in other members of the exciton 
series because of their great width. 

In the paper recently published by SAMOJLOVIE and KORENBLIT [25], the 
authors have considered the magneto-optical properties of the exciton. Taking 
Mott’s ideas for the exciton (quasipositronium model), the authors have 
computed a formula for the Zeeman splitting in the exciton spectrum for the 
case of strong fields, when the Paschen-Back effect takes place: 

Am eH 
(3) Av = M pare Ain, — 0; +1..., 
where e is the electron charge, ¢ is the velocity of light, H is the magnetie 


field intensity; M= #1 + #2; Am=pu— Ma; =r" fo|M, ui and > are the 
effective masses of the electron and the hole. 
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The Zeeman splitting of the exciton lines on one hand, and the exciton 
optical spectrum without the magnetic field influence on the other, give us 
the possibility to determine separately the electron and hole effective mas- 
ses only from spectroscopic data. 

If we assume, that the observed Zeeman splitting Ay of the first member 
of the exciton yellow series in Cu,O is the splitting of a normal triplet, and 
that formula (3) can be applied to it, then, using for w the data obtained from 
the exciton optical spectrum, one may calculate the effective electron and 
hole masses in the Cu,O crystal. They have turned out to be: u;=0.54 
and gs, = 0.60. a ; oe 

Thus, the spectroscopic determination of the effective electron and hole 
masses does not considerably deviate from the data obtained by means of 
other methods for the determination of these quantities. 


10. — The Structure of the Edge of the Fundamental Absorption Band in Other 
Crystals. 


The existence of the two hydrogen-like series in the Cu,O absorption spec- 
trum puts the natural question, whether such a structure of the edge is observed 
or not in the characteristic absorption spectra of other crystals. 

The absorption spectra of the crystals near the long-wave edge of the 
characteristic absorption band with high dispersion and at low temperatures: 
have been studied but little till now. There are available data only for a 
few crystals. So, in the spectrum of the cadmium sulfide, near the edge of 
the characteristic absorption band, at the liquid helium temperature (4.2 °K) a 
complicated structure was found, consisting of a group of 11 narrow lines 
and 4 narrow bands [45]. The frequencies of these lines and bands are con- 
fronted in Table VIII (brackets indicate the band edges) (*). 

Fig. 17 gives the absorption spectrum of the CdS crystal (+). 

The absorption spectrum of CdS is almost as complicated, as that of the 
cuprous oxide, and this fact points out to the great number of electron levels. 
in the CdS crystal. The picture becomes still more complicated due to the 
fact, that the structure of the CdS absorption edge depends on the state of 
the polarization of the absorbed light. 

We consider it natural to relate the structure of the edge of the funda- 
mental absorption band in CdS to the formation of excitons in the lattice 


(*) Only the line 2=4869 A and a wider band 7=4864--4858 A are observed [12] 
near the edge of the absorption band in CdS at the liquid nitrogen temperature. 

(+) The CdS crystal spectrogram given in Fig. 17 is composed of two photographs, 
taken at different exposures, in order to reveal simultaneously the lines and bands. 
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Fig. 16. — Spectrogram of the Zeeman splitting (0 components) of the first mem- 


ber of the exciton yellow series in the Cu,0 crystal at T=4.2 
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Fig. 17. — Spectrograms of the structure of the fundamental absorption edge in the 
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of the cadmium sulfide. It is therefore necessary to suppose the existence 
of two types of excitons in the CdS lattice, which are polarized perpen- 
dicularly to each other according to the double refraction of light in the 
CdS crystal (dichroism of the exciton). 

Then, the structure of the edge of the absorption band in the Hel, 
crystal was discovered (*). 


‘Tare VIII. — Position of lines and bands near the edge of the fundamental absorption 
band in the CAS crystal spectrum. 


Interesting 


results were obtained with the PbI, crystal by NIKITIN and 
1 temperature (T=4.2 °K) a 


PERNY [47], who discovered at the liquid heliun 
group of four narrow lines near the abso 


We have obtained [48] data (at T= 11:30) 
MoO;, Bi,O;, TiO,, V.0;; AS, 
sorption band is not observed at all, and t 


undergoes a monotonous increase. 


Attention should be paid to the fac 


(*) In the w 
the experiments by B. P. Z 


orks by NIKITIN, COUTURE, Sreskinp and PERNY [46] as well as in. 
AHARGENIA and the author of this article. 


Wavelengths in À | Frequencies in em! Energy in eV | 
Li = n | = 
4889.5 20452 2.5348 | 
4870.8 20530 2.5448 | 
4 869.2 20 537 2.5454 
4 868.2 20541 2.5459 
4867.1 20 546 2.5465 | 
4 866.2 20 549 2.5469 | 
4 865.6 20 552 2.5472 | 
4864.9 20 555 2.5476 | 
4 863.5 20 561 2.5483 | 
4 861.8 20 567 2.5492 
4 858.0 20.585 | 2.5512 
4854.2 20601 | 2.5532 
4 853.5 20 603 | 2.5536 
f 4836 20679 f 2.563 | 
| 4820 I 20748 ° [2.572 | 
f 4817 J 20759 J 2.573 
| 4815 | 20770 | 2.574 | 
J 4809 J 20793 J 2.577 | 
| 4800 | 20832 | | 2.582 
[ 4793 20 862 | 2.586 
| 4791 20872 2.587 


rption edge of this crystal. 
for several more crystals: 
S,, in which the structure of the edge of the ab- 
he absorption curve at the edge 


t, that the latter crystals have no (or 
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very weak) photoconductivity. On the contrary, in case of crystals, where 
we can observe the exciton structure of the absorption edge with narrow and 
intensive lines (Cu,O, CdS, HgI,, PbI,), there is a very strong photoeffect, 
and its spectral curve possesses a maximum located at the absorption edge, 
where the exciton absorption lines are observed. 

Hence, we may draw the conclusion, that, in order to generate a strong 
photoeffect, the existence of a structure at the fundamental absorption 
edge with sharp, strong ard discrete absorption lines is probably neces- 
sary. This testifies to the relation between the exciton spectrum and the 
photoelectric phenomena: in the crystals, where the excitons may be formed 
by the light, a strong photoeffect can be generated. 

The above described results, obtained for different crystals, do not yet give 
the ground to draw general conclusions. Nevertheless, they provide with 
the possibility to draw some conclusions. 

The poor data, which are now at our disposal, show that we do not have 
the clear similarity among the exciton spectra of various crystals which we should 
have if the Mott model of the exciton should be correct. For instance, in the 
spectra of other crystals, we do not observe the well expressed hydrogen-like 
series of lines, as in Cu,O crystals. In some cases, the spectra of these cry- 
stals consist only of two or three lines (at the liquid nitrogen tempe- 
rature). 

This can be explained by the tact, that strong internal electric fields in crys- 
tals might ionize (dissociate) excitons, as it is observed in Cu,O, when it 
is influenced by a strong external field (Sect. 8 of this paper). The highest 
members of the series disappear from the exciton spectrum under the influence: 
of the internal electric field, and only the first members with small quantum 
numbers remain. 

Another explanation lies in the fact that, in some crystals, excitons may 
be polarizing, and then, according to the theory of DYKMAN and PEKAR 
[31], the frequencies of the exciton spectrum should not satisfy the serial 
relation of the hydrogen-like atom. But it should be noted that in this case 
the exciton lines must be wide. Further on, it follows from the theory of 
Dykman and Pekar that in certain cases the lower states of the exciton may 
be non-polarizing, while the upper, excited states, should be polarizing. 
This will result in the fact that the first (long-wave) exciton lines will be nar- 
row, while the next ones (short-wave) will be wide, and the hydrogen-like- 
ness of the spectrum will not be preserved. As the wide lines of the upper 
states, overlapping each other, may coincide with the region of the continuous. 
absorption band of the crystal, then only the first narrow exciton lines will be 
mostly observed in the experiments. The results of the Dykman and Pekar 
theory [31] are obtained from the consideration of the Mott exciton with ac- 
count of the interaction of the electron and hole with the oscillations of ions. 
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From this interaction comes the polarizing exciton spectrum, as well as its 
deviations from the hydrogen-likeness. The non-polarizing exciton should be 
the hydrogen-like one. 

We can hardly doubt of the fact that the excitons in the Cu,O crystals are: 
non-polarizing. But it was pointed out, during the analysis of the absorption 
spectrum of the Cu,O crystal, that the deviations from the hydrogen-likeness 
are observed in the Cu,O non-polarizing exciton spectrum as well. This is 
confirmed by the study of the Stark effect in the exciton spectrum of the: 
Cu,0 crystal (Sect. 8 of this paper). 

Basing upon the rather poor experimental material, Thich is now at our 
disposal, we think that the exciton should be considered as a system, which is 
rather similar to a more complicated atom, than to the atom of hydrogen. The 
hole in the crystal cannot be treated as point charge. The complicated ex- 
citon structure, and, consequently, the structure of the absorption edge as well, 
depends on the substance, on atoms and ions forming the crystal lattice, 
and is evidently connected with the structure of the crystal. Then the op- 
tical spectrum of the exciton may be more complicated and will be rather 
similar to the spectrum of a complicated atom (or ion), than to the simple 
spectrum of the hydrogen atom. The demonstration of this fact is clear in 
the cuprous oxide crystals and particularly in the spectra of the other exa- 
mined crystals. 

The conception of the exciton as a hydrogen-like system of the electron 
and point hole should be considered only as a first approximation, which 
gives the correct schematic conception of the most general characteristics 
of the phenomenon. 


(Translated by L. ZOLOTAREVSKIJ).. 
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On Thermal Conduction in Semiconductors. 


A. F. IOFFE 


Academy of Sciences of the USSR - Moscow 


CONTENTS. — 1. Introduction. — 2. Measurements of the thermal con- 
ductivity coefficient. — 3. Temperature dependence of z,, .—4. Investigations 
on the electrical conductivity x,: deviations from’ the Wiedemann-Franz 
law. - 5. Theory of excitons. — 6. Discussion. 


1. — Introduction. 


An interest to the questions of thermal conductivity of semiconductors: 
arose in connection with two practical problems: 1) the use of semiconductor 
thermoelements, and 2) the application of physics to agriculture. The first 
problem had led us to an investigation of phonon heat transfer and the relation 
of this process to electrical properties of semiconductors (A. F. IoFFE and 
collaborators) [1], while the second has suggested an investigation of the thermal 
properties of soil and of the influence of humidity and porosity over them 
(A. B. CupNovsKiy and collaborators) [2]. 

The present paper deals with the results obtained by the first problem. 
As the problem made indispensable our investigation of a large number of 
different substances we decided to use the unsteady flow method. On elimi- 
nating or making corrections for the more important sources of errors, the 
apparatus used [1] allowed to measure specific thermal conductivity with an 
accuracy up to 2--3% over a period of 3--5 minutes. Our method consisted 
in measuring the rate of heating A7/At of a copper block through the sample 
under a measured temperature difference (7, — 7,). This block had been 
surrounded with a copper cylinder the temperature of which was being kept 
equal to the temperature of the block. The heat transfer through air and the 
thermal resistance of the contacts had been determined before and taken 
account of at computation. The non-linear character of the temperature distri- 
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bution over the sample had also been born in mind. The results obtained 
in this manner had been verified on standard substances of various thermal 
conductivities (amorphous quartz, lead and others). The accuracy for sub- 
stances with specific thermal conductivity less than 0.1 and more than 
0.001 cal 0-1 em! s-! did not exceed 5%. While working with this appara- 
tus it has been observed that the plastic deformation of rock salt as well as 
the transition through Curie point in seignet to electrics (ferroelectrics) does not 
change the thermal conductivity over 3%. The change of the crystal state into 
amorphous reduces thermal conductivity significantly not only in quartz but 
also in selenium and sulphur. V. P. Zuze and A. R. ReGEL' [3] and V. VoL'KEN- 
STEJN [4] have designed other apparata for the measurement of thermal conduc- 
tivity. In the apparatus used by Zuze and REGEL the rate of heating d7'/dt 
is determined directly by induced currents. The apparatus gives sure results 
for substances with high thermal conductivity. Thermal conductivity measure- 
ments within a range of 90° K to 800° K were being conducted by E. D. DEVIAT- 
KOVA [5] and P. V. GuLTJAEV with the usual method of stationary flow. 


2, — Measurements of the Thermal Conductivity Coefficient. 


An investigation of the thermal conductivity of many semiconductors had 
been accomplished by A. V. IoFFE partly in cooperation with the author of the 
dresent paper. The heat transfer in semiconductors is obtained by two physical 
processes: namely by propagation of thermal vibration waves (phonons) and 
by electron diffusion. The thermal conductivity coefficient may be assumed 
to be the sum: 


(1) Lo = on + Ye) 


the electron part of thermal conductivity is directly related to electrical con- 
ductivity 


(2) porre 
where L for the atomic crystal lattice with non-degenerate electrons is: 
k 2 
(2a) Lit? (È) 1. 
and for concentrations of electrons corresponding to the degenerate state is: 


k\2 
(2b) 15, =" (=) Te 


/ 
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The relation between x, and o (equation (2)) generally known as the Wie- 
demann-Franz law, is verified not only in metals but also in semiconductors. 

I. A. Dounany and I. P. MAsLAKOVEC [6] have proved this law to hold for 
lead sulfide with non-degenerate electrons, E. D. DEVJATKOVA has proved 
the same for degenerate electrons, whereas our experiments on semiconductors 
having electrical conductivities in the range of 1000 Q-! em-! to 4500 Q-! em! 
showed it good for both cases. Fig. 1. 
shows that taking the value x, =2.3-10-* 
cal cm-!°C-! s-1, given by extrapolation 
to o = 0, to be constant, the value of 


x, iS increasing linearly with o, while 
the coefficient L has the theoretical va- 
lue of about 10- cal cm! 0071 s-! for 
1000 Oem at o< 2500 071 cm, 
and of 1.5:10-® cal em-1 °C-1 s-1 at 
o6 < 3500 Q-1 em, The increase of 


1 ph li 


Got lem! L from 1:10-* up to 1.5-10-6 corresponds 

[| reno lr ee insite 
È Ea Se a 00 5% {to the beginning of the degenera- 
Fig. 1. tion at concentrations of the order 


Me ira 

The additivity of x, and x, is by far not yet evident; it does not take into 
account the scattering of thermal waves (phonons) by electrons. The validity of 
the Wiedemann-Franz ratio for light as well as for heavy metals indicates 
the high magnitude of such a scattering. As will be shown below, one may 
suppose that the thermal conductivity of light metal lattice under absence of free 
electrons would reach the same order of magnitude as the whole conducti- 
vity x=, +, (about (0.2--0.3) cal em! 00-1 8-1). This contradiction to a 
certain extent reminds us of the paradox of the classical theory of metals 
concerning the heat capacity of electrons: here is lacking the thermal conducti- 
vity of crystal lattice, whereas in the case of the heat capacity of metals it was 
the electron heat capacity that disappeared. 

It seems natural to attempt the explanation of the weak participation of 
phonon thermal conductivity by the scattering of phonons by free electrons. 

It follows that at concentrations of electrons exceeding 102° cm-?, the scat- 
tering of phonons on electrons has to be considered. 

As Debye has shown as early as 1914, the phonon part of thermal conduct- 
ivity may be expressed, with analogy to the diffusion of gases, as 


(3) u=$0V7 or | x =FOVA 


where 
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C = volume heat capacity, 
V = velocity of sound (phonons), 


7 = mean free path of phonons. 


The value 7 is defined by the degree of unharmonicity of thermal vibrations 
Vul 
and by their intensity, the latter may be represented as J cAT. At temperatures 
0 
exceeding the Debye temperature 0, when the thermal energy is being distri- 


buted equally between all the degrees of freedom, one may assume: 


fi 
= vel fear, 


0 


(4) 


dll 


while the unharmonicity factor A may be considered as independent on tem- 
perature. For thermal vibrations of a continuous solid with the number of 
vibrations in the interval dy proportion- 
al to v2, we get a detailed tabulated 
integral that can be represented for tem- 
peratures above 0 as: 


s ni 6 
wy (four) xo(2—$), 
(7) 


Thus for these conditions: 


The relation of 1/x,, to T is shown 
in Fig. 2. 

As one should have expected, the equation (6) holds good while we consider 
the body as a continuum. As soon as 7 approaches the value of the lattice con- 
stant a,1/x,, does not satisfy the relation (6). We did not succeed in lowering 
z,, to the magnitude of A<a. 

The corresponding limiting value 1/x,, is shown by a dotted line in Fig. 2. 

Further development of the theory of phonon thermal conductivity by 
PrIierLS and other scientists still does not provide an answer to the 
most important question concerning the determination. of the magnitude of 
thermal heat conductivity and its relation to other characteristics of the 
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substance. And still x,, varies within a broad 
range, from 0.5 cal °C-1 em s-! for diamond to 
0.0005 cal °0-1 em! s-1 for sulphur. 


3. — Temperature Dependence of ~,,. 


Up to recent times, experimental researches 
were mostly directed on investigating the tempe- 
rature dependence of xz, at low temperatures. 
Simple considerations allow us to assume that the 
thermal conductivity under the same conditions 
will be the less, the lower is the temperature 0 
of the metal, i.e. the lower are the atomie vibration 
frequencies determined by atomic weight and by 
elastie modulus or sound velocity. Besides, x,, Will 
be smaller in crystal lattices when the unharmo- 
nicity of thermal vibrations is the greatest. 

The first conclusion to be made is that x,, decreases with increasing 
atomic weight for substances with the same type of lattices. This conc- 
lusion is actually justified both on the basis of the available thermal conduct- 
ivity data and of those we have got. In 
fact, the thermal conductivity x,, of the ele- 
ments of the first two periods of Mendeleev’s 
system is measured in tenths of cal°C-tem-1 
s-!, in the middle part of the system it is 
measured in hundredths and in the lower 
part in thousandths of the same unity. 
The results of measurements and the ma- 
gnitudes of Log 1/x,, as a function of the 
average atomic weight A of the compo- 
nents are given in Fig. 3. Substances with 
the same chemical types of crystals are 
connected with lines: 1) elements of the Riga 
4-th group, 2) diamond-like lattices of 
the compounds of the 3-rd and 5-th groups, 3) oxides of the elements of 
the 2-nd group, compounds of elements of the 2-nd and 6-th groups, 4) alkali 
halid crystals of the compounds of the 1-st and 7-th groups with ions of equal 
atomic weights, and with ions of different atomic weights. There is no 
doubt that as a rule x, decreases with the increase of A. The thermal 
conductivity plays a decisive role for the efficiency of thermoelements: the 


lesser is x, the higher is the efficiency. It was therefore important to choose 
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the right way for selecting semiconductors with a small x,, and for lowering 
%,, in the cases when it is too high. One must also take into account the 
mobility of electrons. The higher is the ratio of the mobility of electrons to 
the thermal conduction of phonons, the more is this semiconductor suitable for 
thermoelements. If we introduce defects or impurity atoms into the crystal lat- 
tice we get a lower value of A and, as a consequence, a lower value of x, 
this is shown in Fig. 4, where 1/x,, is plotted as a function of the concentration 
of impurity atoms added to Ge and to Si. One can estimate the influence of 
admixtures: each of these introduces an additional centre of scattering of 
phonons with cross-section pa?, where a is the lattice period. 

7 for Ge is of 200 A or of about 35 a. At room temperatures, 3% of the 
atoms take part in the scattering of phonons in Ge. If one adds 3% 
of impurity atoms and each of them produces an equal sc: ittering, then ~,,, 
must decrease by a factor 2, and in fact 1/x,, increases about as much. 

7 for lead telluride has the value of 15 À =:3a. In order to lower the 
thermal conduction by a factor 2, one requires 30% of impurity atoms. This 
difference is clearly seen from comparison of Fig. 4 and Fig. 5. Still one can 
meet admixtures producing a more effective scattering: for example an ad- 
dition of 7% Te lowers the thermal conduction of GaSe from 60-10% 
to 12-10-3. Here p>1; but sometimes there are such defects that have 
an average value of p< 1. Thus the influence of admixtures is determined 
not only by their concentration, but also by the conditions of their incor- 
poration in the lattice. Interstitial admixtures deforming the lattice over a 
few atomic distances seem to possess 
a larger cross-section of scattering than 
substitutional admixtures. 

Of some interest was the investiga- 
tion of the influence of admixtures of 
a broad range of concentrations espe- 
cially for the solid solutions of isomor- 
phous substances. Fig. 5 gives the curve 
of the thermal resistance 1/x,, for the 
solutions PbSe and PbTe. 

For the solutions Bi,Te; and Sb,Se, 
the solubility is limited on both 

edges. 

It has been proved also that for solutions containg 50% of both compo- 
nents the substance behaves as amorphous to phonon scattering and A ap- 
proaches the interatomic distance a; for PbTe and PbSe, x,, in this case is 
near 2-10-3 and does not depend on temperature (eure 2 of Fig. 6). 
Even for solutions of Si in Ge, x,, decreases from 145-107? to 8-107 $(20)stiz 
mes) and 7 is of about 6A, the lattice period. In solid solutions, where 
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the phonon free path is reduced to the magnitude of the lattice period, 
the mobility and the electron free path are still keeping high values. A 
solid solution amorphous for phonons 
still keeps its periodical properties or 
electrons. 

One may suppose that this difference 
is due to the difference of wavelength. 
The wavelength of the major part of 
phonons is of the order of 10-8 10-7 cm; 
that is why scattering is produced even 
by defects having the dimensions 
of interatomic distances. The electron 
wavelength of a semiconductor is 

Fig. 6. about 20 lattice periods; for such 

waves it is important to keep up the 

periodicity of a long range. Local fluctuations are not more effective than 
fluctuations of thermal motion. 


0 100 200 300 


4. — Investigations on the Electrical Conductivity ~,. Deviations from the 
Wiedemann-Franz Law. 


Let us turn to the electron part x, of the thermal conduction: there seems to 
exist an opinion that the Wiedemann-Franz law has already reproduced the 
whole picture. Subtracting Zo from the total value of x we should have expected 
to get for x,, a linear dependence on tem- 
perature (equation (2) and Fig. 2). 

E. D. DEvVJATKOVA has noticed some DX exp POTE; 
years ago that with the appearance of pete; 
intrinsic conductivity the Wiedemann-Franz 9 © 4x calcu! excit; 
law for x, does not reproduce the behaviour 
of the curve; there is an extra thermal 
conductivity Ax growing with the rise of 
intrinsic electrical conductivity (Fig. 7). 

In 1954 BuscH [7] has noted the same 
deviation for the alloy InSb. x, is by 100 times 
greater compared to the correction predicted 
by the Wiedemann-Franz law (Fig. 8). 

Further investigation of the observations made by E. D. DEVJATKOVA 
at higher temperatures has been achieved by P. V. GULTJAEV and has confirmed 
the fact of the existence of a deviation of the curve towards higher 
thermal conductivity (Fig. 7). The rise of thermal conductivity is still more 
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pronounced for the compound Bi,Te, (Fig. 9), as E. D. DEVJATKOVA and 
P. V. Gutrsanv have shown. Judging by the temperature range where a 
rise of thermal conduction is observed, one may suppose that here also it is 
connected with the appearance of intrinsic | 
conductivity. A number of other com- 


Ox; 
pounds show a similar rise of thermal saree Nae 
Beaty ~ — — the electron-hole pair flow ; 
conductivity (x == Lo) . A by the exciton Flow ; 


. 200 a by the pair flow; 
Thus the simultaneous appearance of 


the higher thermal conductivity, exceeding 
the value Lo given by the Wiedemann- 
Franz law (equation (2)), and of the iN- ico 
trinsic conductivity in a semi-conductor is 
not a chance phenomenon. It does not 
contradict the results of experiments given | 
above and the applicability of the Wiede- Cs Wo 200 500 400 500 600 700 600 
mann-Franz law for semi-conductors, but Fig. 8. 
completes them. These experiments con- 
cerned the extrinsic conductivity with current carriers all of the same sign 
(either electrons or holes). Deviations from this law arise within that tempe- 
rature range where one can expect the appearance and the following predo- 
minance of intrinsic conductivity, that generates 


charges of both signs. 

The simultaneous partaking of holes and 
electrons in a current or in a diffusion process 
substantially changes the relations between 
charge transfer and heat transfer. While only 
electrons or only holes are present, their run 
from the hot end to the cold one produces an 
electric field counterbalancing the diffusion 
process. A statistical balance is produced, under 
which an equal quantity of electrons passes 
through every cross-section in both directions, 
put with different kinetic energies. Such is 
the process of the temperature levelling by free 
charges having the same sign. Matter looks dif- 
ferent when there are current carriers of two 
signs. A diffusion flow of holes and electrons 
(bipolar diffusion) does not carry a charge and does not produce a counter- 
acting field. When the mobilities of the charge carriers are different, those 
having greater mobility go ahead the diffusion process and produce an elec- 
trical field E that accelerates the slower charges and slackens down the more 
rapid ones to an equal velocity of diffusion. This electrical field, as in the 
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case of electrolitic diffusion, is 


_kT1dnuu, AE u_—u, aT 
6 n de woh 1 ek Waa 


A 
~] 
SF 


This bipolar diffusion field is due only to the difference in the mobilities 
of carriers; so that in the case u_ = u,, 


& 
I 
° 


As early as 1940, B. J. DAvypov and J. M. Smu$Keviù [2] (and PRICE 
in 1954 [9]) derived the equation for x, for the case of simultaneous partaking 
of holes and electrons. Here not only other conditions for the movement of 
charges are considered, but also the fact that running from a hot end, where 
the concentrations are higher, to the cold one, the pairs of electron-holes are 
recombining on their way and generating energy AH. The equation given by 
Davydov and Smugkeviè may be written as follows: 


(8) x. = Lio, + o-) + 2L 


04° 0_ (37 reo s 
05 + o_\2kT | 2). 


Here o, and o_ are the specific electrical conductivities due to holes and 
electrons separately, JH is the width of the forbidden band and r is the 
exponent in the equation for the mean free path of free charges as a function 
of their velocity. In the particular case of atomic lattices with one acoustic 
branch of thermal vibrations, r= 0. The additional thermal conduction 
produced by the flow of the pairs electron-hole is 


C0 — AE È 
SAID " | pi 
Arai L oe te Ge Ge i 2) 


The magnitude of the factor out of brackets depends on the ratio o,/c_. 
When c4=o_ this factor has the value Lo or 4D(c,-+c_), so that eq. (8) 
becomes 


(9) PASO) 


AB 
peed aC +2). 


As long as o,/o_ is only 1.5--2, the factor + is changing insignificantly. 
When o, is much greater or much lesser than o_, then the quantity 
(2Lo,-0-)/(044+0_) is of about 2Zo;, where 0; is the lesser of the two values 
o, or o_. For instance, for the alloy InSb in the intrinsic conductivity range, 
when n_ == n,, and the ratio of mobilities is w_/u, = 80, the equation (8) 
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may be represented as 


(9a) - x, = Lio, + 0) 


1 {AH È 
1 +35 (se +2) |- 


In the region of available temperatures the intrinsic conductivity (o,--o_), 
as well as x,, reach a considerable magnitude if 4H does not exceed 0.6 eV. 
Then the factor in square brackets of the second member of equation (9) reaches 
a magnitude of about 70; in other words with the transition to the intrinsic 
conductivity range the coefficient increases by 70 in comparison to the magni- 
tude it should have according to the Wiedemann-Franz law. In the case of 
InSb, when AH ~ 0.3 eV, L increases, according to the equation (9a), only by 
a factor 2, whereas BuscH observed an increase of L nearly by 100. 


5. — Theory of Excitons. 


The effect of bipolar diffusion of free charges however is not the only process 
that can lead to an increase of thermal conduction. The appearance of 
intrinsic conductivity may, for example, be accompanied also by generation 
of excitons. Excitons were introduced into the theory of semiconductors by 
J. I. FRENKEL in 1931. They were very successfully applied by V. P. Zuze 
and S. M. Ryvxin for an explanation of peculiarities of the inner photo-effect 
in cuprous oxide. E. F. Gross investigated the spectra of excitons generated 
by light in Cu,O and CdS. A. I. AnseL'M computed the mean free path of 
unlocalized excitons. If light can produce such an excitation of the crystal 
lattice, it may be produced by thermal motion also. In this case the concentra- 
tion of excitons N may be represented as a function of temperature and of a 
certain activation energy AE’. Unlocalized excitons, that can be regarded as 
connected hole-electron pairs, diffuse freely from the hotter part of a body to 
the colder one without carrying a charge. During this path the number of 
excitons decreases, avd the energy AB’ of their recombination converts 
into heat or light. 

Under these assumptions the additional thermal conductivity 4x,, may 
be expressed, in analogy to Ax,,,, for intrinsic conductivity, as follows: 


pair 


hk? N U[AE' 2 
(10) AL 2 


L 


where N is the concentration of excitons and U= (e/kT)D (D coefficient. of 
exciton diffusion), n and « are the same as for free charges. 
According to the theory of A. J. AnseL'M, U and w are quantities of the 
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same order. G. E. Prkus obtained the following equation for 4x,,: 


AE’ 
kT 


(100) Avie = vp| 


2 9 * È 4 
+2, where Nag ee ee exp| ar 


hs kT 


In the case of InSb, where one may suppose that electrons are already in a, 
degenerate state, N is considerably greater than n. According to equation (10), 
Ax,, may reach values far greater than those given by equation (9a) and may 
thus be successfully applied to the explanation of the results obtained by 
BUSCH. 

Two more processes increasing the thermal conductivity of semiconductors. 
are to be considered when the intrinsic conductivity becomes appreciable. 

Bipolar diffusion of holes and electrons presumes their continuous flow 
from the hot part of the body to the cold one. If, as it has been supposed, 
phonons are scattered by electrons, then the interaction of electrons and holes 
with phonons must lead to the carrying along of phonons by the flow of free: 
charges. This carrying is the more intensive the more often does the scattering 
of electrons by phonons take place, and the less is therefore the mean free 
path and the mobility w. One can therefore assume that the additional thermal 
conductivity due to the carrying along of phonons by the flow of electrons: 
and holes may be represented as: 


(11 ) Aoar drag 7 


Supposing the flow of electrons and holes in the intrinsic conductivity range 
is accompanied by a flow of excitons, one must also expect a «drag » of phonons: 
by the flow of excitons. 

The additional conductivity called forth by this process may be repre- 
sented as: 

DVI 
12 Atex, are E » 
(12) ex, drag D 

Finally the raise of temperature makes noticeable the energy transfer by 
thermal radiation. ‘GENZEL computed this additional thermal conductivity 
brought in by energy radiation to be 

16 ae 
(13) Arad, — oy E fh 
where ¢ = square of refraction coefficient, 
k = coefficient of infrared absorption, 
a = coefficient in the equation for the radiation of an absolutely black 
body u= aT*. 
The magnitude of % depends on the free charges concentration n. 
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6 — Discussion. 


From the facts cited above one may conclude that equations (1) and (2) 
hold approximately for extrinsic conductivity only, and till n < 10 em??. 
At greater values the scattering of phonons by the current carriers may come 
forth, so that the division of x into two independent terms x_, and x, would 
become impossible: the value of x is less than the sum of x,, and %,. 

With the appearance of the intrinsic conductivity, owing to the simulta- 
neous partaking of electrons and holes in the diffusion process, a number 
of new phenomena arise, which change the relation between x and co. 

We have considered the additional thermal conductivity Ax due to: 


1) diffusional flow of electron-hole-pairs and also a number of other 
processes that might accompany bipolar diffusion at high tempera- 
tures; 


2 


the exciton flow; 


w 


TS 


the «drag» of phonons by the exciton flow; 


DI 


heat transfer due to radiation. 


) 
) the «drag» of phonons by the pair flow; 
) 
) 


All these phenomena overlapping one another can change the value of L 
in equation (2a) and (2b) sometimes by 10 and 100 times. Each of the above 
mentioned processes may gain a predominant significance in its dependence 
on the properties of a semiconductor. For quantitative computation we 
have the necessary data only for x, that is caused by the pair flow. This 
quantity can be computed by the equation of Davydov and Smugkevié. 

When we have an exciton flow (provided excitons are generated by thermal 
motion) we are not yet able in appreciating their concentration and tempe- 
rature dependence. Only in a few cases [Cw0, CdS, PbTe] we can evaluate 
their energy levels and also the magnitude of AE' with the help of absorp- 
tion spectra, 

We have not yet evaluated the thermal conductivity due to the « drag » 
of phonons by the pair flow and by the exciton flow. 

The number of experimental facts that can be drawn for discussing the cau- 
ses of the thermal conductivity increase at high temperatures and for the expla- 
nation of the relation of this phenomena to the intrinsic conductivity is still 
quite insufficient. Considering all the data on thermal conductivity accumu- 
lated up to the present we come to the conclusion that the equation (2): 
1/4, = 3A/v(T — 6/3) plotted in Fig. 2 is verified in insulating crystals until 
<a (lattice constant). The presence of extraneous scattering centres intro- 
duces an additional term S into the equation for 1/x,,. In this case the 
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extrapolation of the curve (1/%,,)p.9 = (7) must intersect the abscissa axis 
at T<0/3 and sometimes at T<0 also. If impurity scattering signi- 
ficantly exceeds the phonon scattering, the quantity 1/x,, in the equa- 
tion 1/x,, = 3A/o(L2—6/3)+S8 does not change appreciably with tempe- 
rature, as is shown by Fig. 5, where the data got by P. V. GULTJAEV for the 
quantity x,,(7) are given for pure Pb'Le and for the alloy PbTe — PbSe. 

In semiconductors with extrinsic conductivity, equation (6) and Fig. 2 are 

fully verified, as well as in insu- 
rl lators, if x,, is defined by electri- 
ga cal conductivity according to 
the law x_,=*—Lo. Yet, with 
the appearance of intrinsic con- 
ductivity the temperature de- 
pendence is changing pronoun- 
cedly: the curve 1/z,(7) devia- 
tes to the bottom towards grea- 
ter values of x. This is clearly 
°K seen in Fig. 10, showing the 
600 80 thermal resistance 1/(x — Lo) 
for BiTe; measured by E. D. 
DEVJATKOVA and P. V. GUL- 
TJAEV. Fig. 9 gives the same relation (x — Lo) = f(T), obtained by the 
same authors, for PbTe. 

Fig. 8 gives the data for pure samples of InSb obtained by BuscH. Fig. 10 
gives P. V. GULTJABY’s measurements for InSb that have such a number of 
impurities that up to the high temperatures prevails the impurity scattering. 

The impurity scattering of phonons seems to prevail over the thermal 
vibration scattering. Therefore, as in the case of solid solution (Fig. 6), x is 
practically independent on 7. 

In this case the thermal conductivity increase at high temperatures disco- 
vered by BuscH was not observed. At the bottom of Figs. 7-9 a continuous 
curve represents the values of Az, that have been computed as a difference 
between the values observed at a given temperature 7 and those extrapolated 
by the curve of Fig. 2. 

A dotted line shows the computed values of Ax, and for Ax, one of the 
points is being joined by the value of Ax. The coincidence of the continuous 
and dotted curve would have meant that the above mechanism might have 
been responsible for the observed effect. The value AH’ for excitons is defined 
for PbTe with the aid of absorption spectrum near the edge of proper absorp- 
tion. For other substances AW’ is accepted to be 0.1--0.2 eV lesser than AH. 

Summarizing these facts, we are not yet able of drawing definite conclusions 
on the comparative role of different effects producing the increase of x. It is only 
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possible to state that the sole effect of energy transfer by electron-hole pairs 
computed by DAvypov and SMUSKEVIC does not give us a full explanation 
of the experimental values of Ax. This circumstance makes us involve in the 
description of the experimental results other phenomena such as exciton flow, 
exciton and pair «drag». We are still carrying on an investigation on thermal 
conductivity of other semiconductors with small width of the forbidden band 
and we hope to get a more thorough analysis of the phenomenon of thermal 
conduction in semiconductors. 
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Introduction. 


Problems of the dynamic theory of non-ideal crystals may be of interest 
from many points of view. 

It is known that the presence of the translation symmetry simplifies very 
much the mathematical aspect of the problem and offers the. opportunity 
of studying comprehensively the oscillations of ideal lattices. A part of the 
physical results obtained is connected to a great extent with the presence of the 
translation symmetry (e.g. selective character of the absorption of infrared rays). 
Other results, qualitatively at least, are not connected with this circumstance, 
but this cannot be proved within the limits of the existing theory, the 
methods of which are totally based upon the periodic structure of the crystal. 

One should also draw attention to the analogy between the theory of the 
oscillations of lattice atoms and the wave mechanics of the electron moving 
in the field of the crystal. 

The equation for the amplitude y°(r) of the atomic oscillations in the ideal 
«crystal (which may be considered as the equation for the wave function of the 
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phonon in the quantum theory of crystals) is 


(1) S A ep) na m.o2y(r) : 


rr! 


where r are the points of the crystal lattice (r = 7,a;; i = 1, 2,3; », are in- 
tegers, a; are the principal periods), m, is the mass of the atom which occu- 
pies the s place in the cell (s = 1, ..., p; where p is the number of atoms in 
the cell), and A*** are the interaction coefficients. The solution of this 
equation yields the plane waves 


(2) x(r) = q(s) exp [27ik-r] 


and the spectrum of the oscillation frequencies consists of 3p partially 
overlapping branches, 


(3) Ona o7(k) ; (PA i 


three of which begin with zero (the acoustic branches); for the other branches 
(0) £ 0. 

Equation (1) represents a generalized discrete analog of the differential 
equation for the wave functions of an electron in the periodical field. Accordingly, 
if one takes into account that the variable s characterizes the « coordi- 
nate» inside the cell, while r is the cell coordinate, the wave function of 
the phonon (2) appears as a modulated plane wave, and, thus, cor- 
responds to the wave function of a zone electron y = v(r) exp[2aik-r]. 
The number of the oscillation branch corresponds to that of the zone for 
the electron functions, while the dependence w? = w?(k) corresponds to the 
law of dispersion # = H(k) for the zone electrons. Analogously, the alteration 
of the phonon wave functions and of the spectrum of phonon energies caused 
by the appearance of irregularities in the crystal has qualitatively the same 
character as the corresponding alteration of the wave functions and of the 
energy spectrum of the electrons. This circumstance makes it possible to 
extend certain results obtained for the phonons, and the methods used to 
obtain them, to the electrons in the crystal. 

Usually, the study of the differential equations is considered to be an easier 
task than the study of their discrete analogs. However it turns out that some 
problems (especially those connected with the theory of local perturbations) 
are considerably simplified and become more transparent just owing to the pos- 
sibility of operating with discrete variables. We should point out that the 
determination of the dispersion law for phonons w = @(k), for the non-per- 
turbed problem, with given coefficients A,, requires the solution of an alge- 
braic equation of 3p degree, while the same problem for the three-dimen- 
sional differential equation with periodical coefficients has transcendent 
character. 

This paper deals with certain results obtained in the field of the dynamic 
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theory of the crystalline lattice which are connected with the use of the me- 
thods of the theory of local perturbations developed in the papers published 
in the period 1943-1953 (*) [1-9]. 

The first two Sections give a short account of the results connected with 
the role of separate «local» disturbances of the periodicity of the lattice. 
Section 3 is devoted to the determination of the phonon energy spectrum in 
disordered lattices. Section 4 deals with certain other applications of the 
method discussed above, namely the problem of the surface oscillations of 
the lattice and the infrared absorption of a disordered crystal. 


1. — Influence of a Local Irregularity on the Oscillations of Lattice Atoms. 


To illustrate a simple case, we consider an idealized simple lattice with 
all oscillations polarized in one direction and we assume that the local 
« disturbance » is simply the alteration of the mass of the atom, which is at: 
the origin of the coordinates. These assumptions simplify considerably 
all derivations without changing the fundamentals of the problem. We shall 
try to formulate the final conclusions for a general case giving the corre- 
sponding formulae when they are not too complicated. 

The equation of the lattice oscillations is: 


©) VA, yy(r')-mo?y(r)=0. 


For the non-perturbed lattice all atoms are alike (m,= m). For a foreign 
atom at the origin of the coordinates we would evidently have 


(5) m, = m(1— er); o = a ; 


Equation (4) may be written in the matrix form: 


(6 ) SA) zie Z2= w® 


(7) Bly Ds Sie 


where L will be treated as a non-perturbed operator, and eA as the local 
perturbation operator (¢ is not supposed to be small). The eigenfunctions of 


(*) It should be pointed out that recently analogous methods were partially de- 
veloped in the papers by G. F. Kosrrr, J. C. SLATER and M. Lax [10-13], who, evi- 
dently, did not know our results. 
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the operator L are the plane waves 
(8) aL Y(r) = exp [2xik-r]; 
the corresponding eigenvalues are the squares of the frequencies 
(9) z= w? = w*(k); w(k) = > L, exp [2aik-r}. 


Equation (9) is the law of dispersion of elastic waves and determines the 
spectrum of frequencies of the non-perturbed lattice. 

The presence of the local perturbation e2/1 leads, on the one hand, to the 
scattering of waves propagating in the crystal, and on the other hand, to 
the possible appearance of new discrete eigenfrequencies, outside the interval 
of the non-perturbed spectrum. The study of these effects may be completed 
owing to the fact that the local perturbation operator has a finite number of 
dimensions, i.e. it is a matrix of a finite rank; here, the operator À isa 
matrix of the first rank (4,,, = 6,.5,). The general theory of such perturbations 
has been developed in previous papers of the writer [1-3, 7, 8]. In the very 
simpe case that we consider here some of the results are obtained directly. 
We shall only refer to the other results. 


11. Appearance of discrete frequencies. — In order to obtain new discrete 
frequencies, assuming that z is outside the continuous spectrum interval, we 
shall write the initial equation (6) as: 


— I ie (Ax; Xe) Wn 
(10) y= — e(L —2z)* Ax =e i ERTS 


where dk is the differential of volume in k space and the integration.extends | 
over the cell volume of the inverse lattice V*= 1 (*). 
Hence, taking into consideration (7) and (8) we obtain 


xp [2rik-r]dk 
(11) xe) = exx(0) f a et 


Finally assuming that r = 0 in (11), we obtain the equation for the deter- 
mination of the discrete frequencies 


cal 
(12) = e 


(*) Here and further on the period of the lattice is taken as unit of length: the 
lattice is supposed to be a cubic one. 
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SI 
bo 
i=) 


Taking into account that, in the three-dimensional case, the integral which 
is on the right-hand side remains finite on the border of the continuous 
spectrum 2%, while outside of this interval it decreases gradually with the 
removal from the border, we see that for sufficiently small e the discrete 
frequencies cannot take place (+). Since the frequency spectrum begins with 
zero (w(0) =0), in our case the discrete frequency appears only for suffi- 
ciently large positive e > &,, where 


| ERRE 
(13) for 2 f dk/[22— 0*(k)]® 


This corresponds to the case of a lighter impurity atom. In the 
general case of a multi-atom lattice, the discrete frequencies may split from 
each branch of the oscillations spectrum, and the maximum number of 
discrete frequencies splitting from each band does not exceed the rank of the 
local perturbation operator. The general equations determining these fre- 
quencies have been given previously [6,3]. 

The waves corresponding to such discrete frequencies naturally undergo a 
fast attenuation with the removal from the local irregularity. In our case 
equation (11) determines the wave function corresponding to such « local » 
levels. 


1°2. Scattering of short elastic waves by local irregularities. — Let us pass 
now to the study of the solutions of equation (6) in the region of the con- 
tinuous spectrum. Physically such solutions should reflect the process of 
the scattering of elastic waves [7]. The simplicity of the picture of wave 
scattering by single scattering centres in the elastic theory of continuum is 
connected with the simple relation between the energy of a single wave and 
its wave vector k (w?~k?), resulting from the differential equations of 
the theory of elasticity. However this picture changes considerably with the 
transition to the discrete crystalline lattice, i.e. for wave lengths comparable 
with the atomic dimensions, The study, which can be completed, reveals 
in this case several unusual peculiarities of the scattering picture [7]. Qua- 
litatively, all the results obtained hold also for the other cases of scattering 
in presence of a complicated law of dispersion (e.g. scattering of electrons 
in a metal, scattering of spin waves, etc.). 

The solution of the principal equation in the range of the continuous spec- 
trum is obtained in a way similar to that used in section 1°11. However in 
this case there are additional difficulties connected with degeneracy; a pre- 
cise analysis is necessary, as the direct solution of the equation analogous 


(*) In the one-dimensional case the corresponding integral in (12) diverges at z—z, 
and the discrete frequencies appear at arbitrary small e. 
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to (11) has no meaning, owing to the divergency of the integral in it. We 
shall not dwell upon the details, but we shall give only the final results. 

The solution of equation (6) describing the incoming and scattered 
waves is 


i ATI , [ (exp [2aik-r] dk 
| y(r) = exp [2atk-r] — 100 | DL pla 


ao 1 ie { dk 
ta T so | o? (k)— e 2= 0° +10 


The given formulae are valid for all distances r. The most interesting result 
is the limit of this expression for r > co. Calculations which are not given 


here yield [7] 


= k,-n) 


‘y 


15 n SLI ETO? exp [ari] 
(15) z(r) = exp [2rik-r] - x a 


Here k,= k,(n) is the radius-vector which is drawn to the contact point of 
the surface w2(k) =2 with the plane normal to the direction n, (r = rn). 
KR, is the Gauss curvature of the surface w2(k) = 2 in this point; the sum- 
mation is performed over all points of contact for which du,/dz > 0 and 
Vw(k) is the gradient in k space. 

In case of sufficiently long waves (small k) the signs of «, and dw,/dz, 
are evidently the same (k increases with the frequency). Thus, formula (15) 
has only the terms of the type exp [2ziw,r]/r with «,> 0, which correspond 
to diverging waves. On the con- 
trary, in case of sufficiently short 
waves there may be difference 
in the signs: w,-du,/dz < 0. Here, 
the sum (15) must contain the 
terms with wu, <0 i.e., seemingly 
converging waves. This result, 
which may at first seem para- 
doxical, is explained by the fact 
that the wave-vector k is deter- 
mined up to a vector H of the 
reciprocal lattice having inte- Fig. 1.- OM, = k,(n) is the radius vector drawn 
ger components. Thus, the nega- to the contact points of the surface w(k) = z 
tive quantity u, = — is equi- with the planes normal to the direction n 
valent to the positive quantity satisfying the additional condition (du,/dz) > 0. 
u*=—a+H-n> 0. 

The configuration of the wave surface is determined by the equation 
(r-k,) = const and is polar in relation to the surface of constant frequency 
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©*(k) =. In the simplest case © —k we will have k,= kn, and we obtain 
a spherical wave ~ exp [2ai%kr]/r. 

In case of a convex surface with many branches, the number of diverging 
waves equals the number of the surface branches; each wave has its own 
configuration and its velocity of propagation. 

Peculiarly interesting is the case when the surface m?(k) = ceases to 
be convex and hyperbolic points appear on the surface, Fig. 1 shows that 
in this case there are in some directions three planes with «,>0, while 

in others there is only one. Correspondingly, 


i) in some directions we shall have the propagation 

| of three waves and in other directions of only 

LN one wave. The section of the wave surface in 
N this case should appear as it is schematically 


plotted in Fig. 2. 

Considering the expression (15) as the wave 
function of the phonon and taking into account 
that v = (1/22):Va(k) is its velocity, we may 
obtain the value of the effective cross-section 
for scattering in the given direction, 


| i eu? 
(16) 


S "7 1620 (k)v(k) Re 


SUA w?(k)— @?— i0| ~ 


In the general case the formulae have the 
same structure, but the expression for the 


| 


Fig. 2. — The approximate 
form of the wave surface of , i p ; 
the section when the surface 2™DPlitude, which is not given here, has a 


w?(k) = is not convex. considerably more complicated character [7]. 


2. — Influence of a Local Irregularity on the Crystal Free Energy. 


Here we shall calculate the alteration of the vibrational part of the crystal 
free energy connected with the replacement of one atom by another which 
differs only in mass [8]. 

With this aim in view, we shall write the initial equation (6) with the pre- 
liminary multiplication of it from the left by (1--e4) in the form 


A A AA E 
(17) (24 SAL) =2% e = 


Thus, the squared oscillation frequencies 2 = w? of the lattice with the 
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impurity atom are the eigenvalues of the operator L+eAL or, what is just 
the same, of a similar hermitian operator L+e! DAL. 

The free energy of the oscillations is given, as it is known, by the 
expression — 


(18) re > {6 in (1 exp| =| pod, G=k, 


where the summation is performed over all eigenfrequencies «;. 

Assuming the dimensions of the crystal to be finite (*) in order that the 
expression (18) should have any meaning, we shall write the free energy in 
the presence and in the absence of the impurity atom respectively in the 
form 


(19) i n AL AA 
| F =Spg(L4+4), A=e L'AL* 

la 
(20) g(2)=0 ln (1 — exp - Ma) ave é 


Thus, the free energy change upon the replacement of one atom by an 
impurity atom will be 


(21) AF = Sp {p(£ + A)—-o(h}. 


In the case of an infinite crystal the spectrum of the operator Lis conti- 
nuous and Sp o(L) does not exist. However the difference (21) remains finite: 
the increment of the free energy caused by the replacement of one atom by 
another tends to this limit in case of infinite growth of the crystal. The- 
refore, calculating AF we shall consider the limiting case of an infinite 
crystal, i.e. we shall assume the spectrum of iL to be continuous. 

As it pas been already pointed out, the operator À and, consequently, 
A=eTAf? is a first rank matrix; the matrix elements A,,. in the k repre- 
sentation will be 


(22) Ay = (Ani, 4) = e (Alt, Lt) = e'o(k)o(k’). 


Thus, the problem is the calculation of the trace of the operator difference 
A 
(21), where g(2) is a function of the general type, Lis a hermitian operator 


o 


(*) For this purpose it is sufficient to impose on the solution (17) the cyclical 
condition without changing the type of the matrix È. 
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with a continuous spectrum, and A is a hermitian operator of a finite number 
of dimensions (in this case one-dimensional). Such a problem was put and 
solved in paper [8]; its further complete mathematical analysis is given in pa- 
per [9]. 

The above mentioned papers give the « trace formulae » 


(23) Spio(L _ Di )— g(L È )} =v) \E(z) dz, 


where &(z) is computed in a certain way by the given operators L and A; 
outside the range of the continuous spectrum of the operator vf the function 
&(z) is of a step character and corresponds to separate discrete eigenvalues. 


In our case 
(24) AP = [ped + (ple) — 99), 


MELV) (2) 


0 , 


1+ ee {Tn(p)/(u— 2)] dp 


: 1 
(25) &,(2) = — arctg 
Tt 


NI dQ 
Vo(2) = ]Voo%(k)] ’ 


or(k)=z 


where dQ is the element of the surface w2(k) = 2 over which the integration is 
performed and $ is the principal value of the integral. The last component 
in (24) appears when the discrete eigenvalue comes into being. This eigen- 
value is located in the point determined by the equation (12): 


sa Ree, } dk 
(27) i ea] ual ae (Kk) 7 


The formulae (24)-(27) solve completely the problem. 

To explain these formulae, we shall give an idea of their derivation in 
our simplest example. 

We shall introduce the sequence of operators sie with i 
vy, = exp[2rik-r] and eigenvalues An = na, where n =[w?(k)/a] (*). Each 
eigenvalue 7, of the operator 8: for the infinite crystal is infinitely a 
As it was shown in paper [27 for the operator with the degenerate spectrum 


(*) We indicate with [p] the entire part of any number p. 
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the addition of a one-dimensional operator À decreases by 1 the multiplicity 
of each eigenvalue of the spectrum: the degenerate values remain in the 
former place, and the separated eigenvalues settle between the neighbouring 
eigenvalues An and Ania Thus, the new eigenvalues (the separated ones) of 
the operator Hig oy.) may be written in the following way, with accuracy up 
to terms small compared with «: 


(28) en = An "la E(Àn) . 


The equation for the eigenfunctions of the operator ia +A corresponding 
to these separated values reads 


(29) SOI 


From (22) we have, for arbitrary f and g, 
A n i 
(30) (Af, 9) = e'(f, h)-(h3 9); h = [om 9h; 


this yields, with the procedure used to obtain (10), (11) 


1 : 
(31) ness zero Jooagk : 


An < Ok) <Ap es 


Multiplying scalarly both members of the equality by % and eliminating 
(4, h), we obtain 


AAnY(A dQ 
(32) a of y vo) = Ii 


w(k)=2 


If we assume, according to (28), that 2, = Z,+xé, and we pass to the 
limit «+0, we have after some transformations 


(33) 1 = ne'ev(2) ctg [wE(z)] + e pete) du , 


from which, taking into consideration that [dk =1 and e=e'/(l1—«') we 
obtain formula (25). The considered eigenvalues in the limit x > 0 form a 
continuous spectrum, If a discrete eigenvalue appears, it will be determined. 
from the equation (27). 

The expressions obtained for the eigenvalues of the perturbed operator 
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provide the opportunity of computing the differences of traces by the limit 
transition x — 0: 


AR = lit Splat ely I 
x 


=lim > {y[An + «&(An)] —o(An)} + [p(2)— g(2)] = 


a0 7 
SEI + [p(e1) — v(2%)] 5 


which corresponds to formula (24). 


3. — Spectrum of Frequencies of Disordered Crystals. 


3'1. Trace method. — The considerations of the preceeding paragraph were 
applied to the determination of the spectrum of frequencies of the oscilla- 
tions in disordered crystals (solid solutions) [14, 15]. 

The paper recently published by Dyson [16] considers such a problem 
for the particular case of a disordered chain with interaction of nearest 
neighbours only, but Dyson’s method cannot be extended to three-dimensional 
systems. 

The method given below is free from these restrictions. In order to simplify 
the description, we shall again illustrate it on the idealized case of isotope 
solution in a simple lattice with one direction of polarization. Thus, we should 
again proceed from the principal equation (4). However we shall now con- 
sider the masses m, as random quantities capable of two values (two-com- 
ponent solution) with a priori probabilities equal to the concentrations of 
the corresponding isotopes. The quantity to be defined is the mathematical 
expectation of the spectral density, i.e. the number of levels for the interval 
of frequencies. (For a sufficiently large crystal, the practical value of the 
spectral density coincides with its mathematical expectation). 

Considering the deviation of the mass m, from a certain « principal » mass 
m as a perturbation (not a small one!) we may prove in the same way as 
it was done at the beginning of Section 2, that the squares of the eigenfre- 
quencies of the solid solution are the eigenvalues of the operator L* 


(34) LAS REA eet Le 


(35) Ey = ErÒrr', € Go rr 
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The operator È, and the perturbation operator À as well, are random-operators, 
because ¢, are random quantities. 

We shall find the difference of the vibrational parts of the free energy of 
a non-perturbed and perturbed crystal, i.e. the expression 


(36) F—F, = Sp (o(b+A)—e(L)}, 


(p(z) is given by formula (20)). The expression (36) is connected with the 
difference of spectral densities of oscillations by the immediate relation 


z 


(37) F-—F,= x [pee SPA = == x [pei [v(u) — vu), 


N is the number of atoms in the lattice; Ny(2) is the spectral density, ¥,(2) 
is given by formula (26) for the non-perturbed problem. 

In substance, the choice of the function g(2) is not decisive; but the cal- 
culation of the free energy is of independent interest. 

Let us choose the mass m, of the first isotope as the « principal » one. In 
case of the correlation in the disposition of atoms of the second isotope, of 
mass my, it is necessary to give the correlation functions W,, W,_ps.. deter- 
mining the probabilities P,.,,..,, Of the distribution of n «alien» atoms in 
the points r,,..., r, respectively, along with their concentration c 


(38) Pi a: 


TNs Miss 


In case of absence of Jong-range order (W,),,..— 1; when there is no correl- 
ation at all, all W=1. 

The spectral density v(2), as a function of the concentration ec, possesses 
singularities connected with the appearance of new ranges of frequencies and 
with the shift of the non-perturbed border of the spectrum, Since the free energy 
F — F,, on the contrary, does not possess such singularities, we shall perform 
the development of this quantity in series of powers of the concentration and 
then, using equation (37), we shall draw the conclusions on the spectral density. 


3:2. Calculations of the free energy of a disordered crystal. - The development 
of F — F, in series of powers of € (asymptotically at high N) is 


ce 
(39) F—F, = No +Nofi+.; 
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Here F, is the free energy of the lattice (in which there are » impurity 
atoms) averaged over all possible configurations of these atoms. Let us denote 
by the symbol y,(ri,..., rn) these «alien » atoms which are distributed accor- 
dingly in the points r,,...,7r,; evidently wi(r)=%1; Y.(ri, ra) =%y2(r1 — ra); and 


(v:(7)) reo 272 è 
Then it is evident that 


(40) h=w; hb=> Wivlr)—2y); 


wherefrom 


S € x 
(41) I ry {ev + 7 W,Ly.(r)— 2%] + za 4 


Thus, it is enough to calculate the additions to the free energy in case of 
replacement of no more than » atoms, in order to determine # — F, of the 
solution with an approximation up to terms ~ e”. 

In replacing n atoms, such an addition runs as follow: 


4 AA 
(42) Wn(F13 +) Tn) = SP{ALHA (113... Pn)]—¢Y Te 
(43) (ace = (Anx,) Ky) = £'0(k)o(k') Y exp [2ai(k — k’)-r,). 


p=1 


A 
The perturbation operator A, has a finite number of dimensions equalling 
that of the replaced atoms. Using the results mentioned in the preceeding 
paragraph, we obtain: 


(44) Wr (ta nt, ra) = ff. AAP ch og) Len) eo (AO 
45 ge as 1 mone Tri-r(4) dp 
(45) Sn ipo PRESI ESITI) , 
(46) “exp ae 2 dQ, 
_ [Vo?(k)] 
wk)=z 


where D(x;.) denotes the determinant of the n-th order composed of the ele- 
ments x;. Particularly, for & (2) we immediately obtain the formula (25). 
Formulae (41) and (44) yield finally 


| F—F,= di c)dz; 


| Q(z, c) = e (e )+5 DI W,L[é2(2, r) — 28, (2)] +... 
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If there are the discrete eigenvalues 2! which are determined from the 
equation 


2 


9 


(48) D (da + ce Srcall ay) = 


— 3 
< 


0 


then the function £, has a step character outside the interval (0, 22) of the 
continuous spectrum of the non-perturbed operator. Taking into account 
the contribution to the free energy determined by these values, we shall write: 
70 
50; 
(49) rae SC c)-p' (2) dz + efp(e) — p(en)] + 


0 


ce? o 
+= > Wipe?) + pe?)— 292)] +... 
= r+0 


As 2®(r) +2” at r > co, then the values in square brackets quickly decrease 
and the sum over r converges. 

The expression (49) obtained above assumes a particularly simple form at 
small e (e«<1). When there is no correlation, the summation may be per- 
formed in a closed form and we obtain, with an approximation of the order of 
= e2 (at arbitrary concentration): 


br) 
9 


(50) — = col ap ld + e? fe 


At last we shall give, without deducing it, the formula for the addition to the 
free energy at e<1 in the actual case of arbitrarily polarized crystal oscil- 
lations. The lattice with the average atomic mass m = m,(1—ce) may be 
chosen here as a «non-perturbed » one. In this case 


| F— F, a 5 ae) | OU k') exp [2ri(k— k')-(r—r')|dkdk’, 


i Lara ae Ci 


sc o3(k)p'[o8(k)] — oF Ak’) -p' tod (k! 
| ou, K) => (gi) ge EE TO), ali, 


2,2 


(gi are the normalized vectors of polarization corresponding to j vibration 
branches with frequencies ©w,(k)). 
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If there is no correlation, we obtain 


c(1— c)e {fe (k, k')dkdk’. 


3°3. The spectrum structure. — The formal comparison of the formulae (46), 
(47) and (37) at arbitrary g(2) yields for the internal range of the continuous 
spectrum of the non-perturbed problem 


(52) ya 


ar 


1 
(53) we) — rele) = — = fobs +5 > (bal EW. | 


and in case e<1, correspondently, 


However, the expressions written above do not hold near the border of the un- 
perturbed spectrum 2°, where »,(z) has a singularity (v(2) ~ Ve— 2). We 
shall show how to write the expression for »(z). in such a form which does 
not contain divergencies and which makes it possible to define the shift of 
the spectrum boundaries. We shall start with the case of the development 
in series of powers of e. Let us point out that the expression (50) may be 


written in the form 


0 
| ss 
| # = w[oley{ple) + emp") + caga) + } dz, 
(5) 1 è i 
9 du cz? 
a, = ce + ec% + ec(1— c)e° vo(4) ; a, = 3; 
o zZ—bM 2 


Taking into consideration the fact that the point 25 is not a singularity for 
the function g(z) and that the coefficients a,, a,,... remain finite in the point 
2°, we may consider the whole expression in the brackets as the development 
in series of powers of e of the value 
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Then a simple substitution of variables in the integral yields 


È lt 

| F= [ult]: 7 -9)d, 

(57) CE 
0 

| z2=t-+ect+ eni), CNC 8020 - e2n(25) o 
Hence 
S) dt 
(58) v(2) = »,[t(z ls F 


Analogously, in the case of the development in series of powers of 
the concentration (at arbitrary e) we obtain (with an approximation up to 
the terms ~ c) 


E 
lee 
Vv 
59 IS PER ee e: 
ey) re) =e (È) 
dz ; 
(60) z= 2 pai 
ia; e23$ Poll) ay 
0 A — %g 


Referring to the expression (13) for the critical value e,, corresponding to the 
appearence of a discrete eigenvalue, we obtain 


(61) = 2:(1 È ea ) 
Er — E 

Let us consider now the second part of the free energy in (49) determined 
by the outsplitted discrete eigenvalues. In the limit case of infinite crystal, 
these values form a new branch of the continuous spectrum which, generally 
speaking, may coincide with the principal branch. As to the structure of 
the expression (49), it should be noted that the point 2 appearing in the 
replacement of one atom is the limit-point for the sequence of points DES 
which enter in the terms ~ c?; analogously each point of the sequence 2° is the 
limit-point for the sequences 2® of the spectrum points resulting from the 
replacement of three atoms and entering the term of the order — e? ete. 
It should be noted that though the addition to the free energy determined by 
the range of the separated eigenvalues may be developed in series of powers 
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of the concentration, the expression for the spectrum density in this interval 
of 2 cannot be obtained directly; (the formal transition gives sums of the 
ò functions which have no meaning). 

But, as we are always interested not in the spectral density itself, but in 
the mathematical expectation of the type (36) computed by means of that 
density, the developments in series of powers of the concentration (49) 
obtained above solve the problem. 

An analogous method may be used for the study of the influence of the 
ordering processes on the energetic spectrum of phonons [14]. But we shall not 
dwell upon this problem in this paper. 


3'4. Some thermodynamical conclusions. — The expressions obtained for the 
vibrational part of the free energy make it possible to draw certain thermo- 
dynamic conclusions [4]. 

At low temperatures the main role is played by the zero energy of oscil- 
lations which depends on the mutual disposition of atoms. In order to obtain 
it, we shall assume that in (51), (52): g(2) =#V2. A simple analysis proves 
that in case of isotopes solution, the zero energy makes the two-phase solution 
decomposition efficient from the thermodynamic point of view (*). 

The thermodynamic potentials obtained above offer the opportunity 
to consider in principle the thermodynamic properties and the equilibrium 
diagram of the isotopes solution. But in this case, one should remember that 
the expression for the correlation functions W, should themselves be obtained 
thermodynamically by way of minimization of the sum of the free energy, 
and the corresponding configuration term — kT ln Q, where Q = Q(W,), is 
the number of configurations corresponding to the given values of W,. It 
turns out that such a problem may be also solved by way of development 
in powers of the concentration. 


4. — Other Applications of the Method. 


In the preceeding Sections we tried mostly to underline the methodolo- 
gical side of the problem and naturally we could not dwell upon the major 
part of the physical results obtained in this field. Therefore, to conclude, we 
would like to mention some other problems of the dynamic theory of crystals 
which can be solved by analogous methods. 


(*) It should be noted that a similar conclusion was recently reached by I. PRI- 
GOGINE and J. JEENER (Physica, 20, 516 (1954)), who, by the usual method of quantum 
mechanical perturbation theory, have found the correction to the ground level con- 
nected with a slight difference in masses of the disordered isotopes. 


st 
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&1. Infra-red absorption by disordered erystals. This problem in connected 
with the solution of the equation of the forced oscillations cf a lattice under 
the influence of incoming waves. The selective character of absorption in 
ideal crystals (« residual rays ») is connected with the translational symmetry. 
Its disturbance leads to the appearance of absorption in the whole range of 
the phonon spectrum. The frequency dependence of this absorption is found 
in several limiting cases by determining the complex dielectric constant of 
the disordered crystal. 


4°2. Surface oscillations of the lattice. - The method of the local perturba. 
tion theory may be applied successfully to the study of the surface oscil- 
lations of the lattice [17-20]. In this case its essence consists in the fact 
that the crystal border is considered as a local perturbation in the infinite 
crystal, which is expressed by the « exclusion » of the interaction between the 
atoms lying on both sides of the section. 

The surface waves appearing in this case attenuate quickly along the direc- 
tion normal to the surface and correspond to the «local oscillations » near an 
irregularity described in Section 1. It should be noted that, due to the re- 
gularity of the crystal in the directions parallel to the boundary, the problem 
has a ore-dimensional character and the footnote of pag. 720 applies to it. 

The energy spectrum of such «surface phonons » has a peculiar character. 
One of its branches, in the limiting case of long waves, transforms into the 
well-known Rayleigh surface waves. The other oscillations form the peculiar 
surface optical branches which have no analog in the theory of continuum. 
The consideration of the translation symmetry in the direction parallel to the 
free surface leads to the fact that only limiting frequencies corresponding to 
infinitely long surface waves may be optically active, also for the surface 
optical branches. The presence of such frequencies may lead to the appear- 
ance of additional spectral lines in the infra-red absorption spectra of cry- 
stals and in those of combinational scattering. 

A similar method may be applied to the solution of other problems of me- 
chanics of the crystalline lattice limited by a free surface; such problems 
appear particularly in the microscopic theory of crystal twinning [21] which 
describes the initial stage of the process. 

In conclusion, it should be noted that the method of local perturbations 
can be applied also outside the theory of crystals, but these applications 
did not constitute the topic of this paper. 
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CONTENTS. — 1. Introduction. — 2. Hydrodynamical equations of the 
superfluid. — 3. Dissipative processes. 


1. — Introduction, 


The aim of the present paper is to give a briet account of the theoretical work, 
done by L. LANDAU and by the authors on the hydrodynamics of the superfluid 
helium (the microscopical problems of the theory of superfluidity are entirely 
omitted in this paper). We hope that such a survey can be so much the more 
useful, as these questions are widely discussed in the current literature and 
there exists the opinion that even the problem of the fundamental hydro- 
dynamical equations of liquid helium is not yet entirely solved. J. G. DAUNT 
and R. S. SMITH, e.g., discuss in their recent survey [1] on an equal basis eight 
different equations. 


2. - Hydrodinamical Equations of the Superfluid. 


Meanwhile, the exact system of hydrodynamical equations of the super- 
fluid liquid can be obtained quite unambiguously starting from the conditions 
imposed by the conservation laws and by the Galilean relativity principle, and 
also from certain properties of the motion, which are the consequence of the 
microscopic theory of superfluidity [2-4]. The properties are the following: 
in the liquid two different motions take place simultaneously with two 
different velocities v, and v,; the «superfluid motion » is always conservative 
(rot v, = 0), and does not transfer entropy; the entropy transport is entirely 
due to the «normal motion » with the velocity v,. 
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We write the mass flow density of the liquid j in the form of a sum 
(1) J = 050; SE OnVn 3 


of two terms, correspondingly due to the superfluid and normal motions. The 
quantity j is also the volume density of the momentum of the moving liquid. 
The sum o0,+¢, is the actual density of the liquid 0; the quantities 9, and 0, 
are functions of temperature, pressure and of the relative velocity w=v,—v,. 
The conservation of the mass is expressed by the continuity equation 


9 COM 
(2) RETI 


and the conservation of the momentum, by an equation of the form 


0) i OT x. <a 


= ——\(() 
ot 00, 4 


(3) 


II; being the momentum flow tensor (here and in the following the summation 
is implied over the tensor indices which occur twice). 

We shall start from the equations which do not take into account the dis- 
sipative processes in the liquid. The first is the equation of the entropy con- 
servation: 


0(08) 


(4) at 


+ div (osv,) = 0, 


s being the entropy per 1 g of the liquid. The expression osv, for the « entropy 
flow density » corresponds to the fact that entropy is transferred only by the 
normal motion. 

One more equation is to be added which determines the acceleration of 
the superfluid motion. This equation must be constructed in such a manner, 
as to ensure the conservative character of the motion: 


Ov; 


(5) di 


=—gradp, 
where g is a scalar function. 

The hydrodynamical equations (2)-(5) must automatically give the energy 
conservation law, which is expressed by an equation of the form 


7 


6 
(6) = 


+ divg=0, 
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E being the energy per 1 cm* of the liquid and q the energy flow density. 
As to the yet undetermined quantities /7,,, q, y, their form can be found on 
the basis of the Galilean relativity principle. 

Let K be the laboratory reference system, and K, the system, which is 
moving relative to K with a velocity equal to the velocity v, of the super- 
fluid motion in the system K. According to the general mechanical trans- 
formation formulae, the values of all the quantities in the system K are con- 
nected with their values in the system K, (which we supply with an index 0) 
by means of the following relations: 


(7) J = 0.4 Jos 

(8) B= By +jf-v, +2, 

(9) gi Li t Jo Ps 4 bi) Vs + Li, + (Ilys) + qo» 
(10) LT, = 00x0sx + Vsidox + Vsxfoo + Lp ix - 


(here (/7,v,) stands for the vector with the components /7);,0,,). Since in the 
system K, only the normal motion takes place with the velocity w = v,— v,, 
all the quantities with the subscript 0 depend only on the difference w, but 
not on v, or v, alone. In particular the vectors j, and q, are directed along w, 
and J, is simply o,w. Thus the formulae (7)-(10) determine the dependence 
of the required quantities on v, for a given w. 

The energy EF, satisfies the thermodynamic relation 


(11) dH, = @do + Td(os) + wdj,. 


@ is the Gibbs free energy per 1g of the liquid and the last term expresses 
the fact that by differentiating the energy with respect to the momentum 
we obtain the velocity of the motion. 

Further calculations proceed in the following way. We insert H and q 
from (8) and (9) into equation (6) and calculate 0£,/0t from (11). If then all 
the time derivatives are excluded by means of hydrodynamic equations (2)-(5), 
equation (6) must be automatically fulfilled. If one takes also into account 
that the quantities go, ZZoix; g depend only on the thermodynamic variables 
and on the velocity w, then it turns out that the energy conservation law is 
identically fulfilled only for a unique choice of the expressions for qo, Doin, P- 
The final expressions for gp, q, [7;, are: È 


(12) gp==- +D, 
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Ve\ 
(13) q = (0 "la a “iù Tosv,, ae OnV,(WV,) ’ 
(14) sx = QnUniUnk ae OsVsil sx ala Pd 
with 
(15) p=— E + Tos + Do + 0. 


The quantity p is to be regarded as a natural definition of the pressure in the 
moving liquid; for w= 0 it coincides with the usual definition. 

The equations (2)-(5) with the definitions (1), (12)-(15) constitute the com- 
plete set of the equations of the «two-fluid » hydrodynamics. As such, it is 
exact in the sense that its derivation implies no assumptions as to the magni- 
tude of the velocities. Of course, it is to be held in mind that actually liquid 
helium II loses its superfluidity when the velocities are too large. At present 
the nature of these «critical velocities » is not yet clear, but in any case it 
has nothing to do with the derivation of hydrodynamical equations as such. 

In the physically interesting case of velocities not too large, all the quan- 
tities can be developed in powers of w. If we wish to obtain equations correct 
up to the terms of the second order we must leave in 0, and 0, only the terms 
of the order zero, that is consider 0,, 0, as independent of w. By differentiating 
the expression (15) and making use of (11) we get an exact relation: 


d n 
dD= —sdT 4 Poy dw : 
Q O) 
Hence it is seen, that the first two terms of the expansion of È are: 


(16) ORO) a ID 


and by differentiating 


[ deo) sa, Thy 42 — = ; 
(17) J Ve 
La 3 0°w? C On 
PT en i ELI 
o(p w) o(p, 1) > Op 6 


The quantities D, 0, s in the right hand sides of these equalities are the usual 
Gibbs free energy, entropy and density of the stationary liquid. 

By inserting (16) and (17) into the equations (2)-(5) and omitting the terms 
of the higher order we obtain the approximate equations, which were sought 
for. In the usual «acoustical » approximation also the second order terms in 
these equations can be omitted [2, 5]. The second order terms must be taken 
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into account, e.g. for correct consideration of the temperature «shock waves » 
which arise in the intensive second sound pulses [6]. 

It is to be stressed that the unambiguous derivation of the approximate 
hydrodynamical equations is possible only by means of performing appropriate 
neglections in the exact equations. If one performs these neglections from the 
very beginning, then we lose the possibility of an unambiguous derivation 
on the basis of the conservation laws and of the relativity principle. 


3. — Dissipative Processes. 


We proceed now to dissipative processes which can occur in the moving 
helium II. In order to take into account these processes, one must introduce 
into the hydrodynamical equations additional terms which are proportional 
to the space derivatives of the velocities and of the temperature. The form 
of these terms can be established in a most general manner starting from the 
conditions imposed by the second law of thermodynamics and by Onsager’s 
reciprocity relations [7]. 

Let 0 and j be, as above, the mass and the momentum per unit volume of 
the liquid. Then the continuity equation preserves its original form (2). But 
into equations (3), (5), (6) additional terms are to be inserted which we write 
on their right hand sides: 


olla oll 


(18) 


MIO CEI 
Ov, DIRE 
(19) por grad p = — grad gq’, 
(20) = + div g =—divq’. 


The entropy equation has no more the form of the continuity equation (4) 
because the entropy is not conserved. On the contrary, the quantities TI, 
y', q' are to be determined so as to ensure the increase of the entropy. For 
this sake we insert E out of (8) into the energy conservation equation (20) 
and exclude the time derivatives 0; cp v, by means of the equations (2), (18), (a9) 
After some calculations the following entropy equation is obtained: 


(21) PSE + div (0sv,)] = 


x Uni 


de Ri: 


= — div {q'+9'0,w— (Il'v,)} + ¢ div (0,w) — II 
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The most general form of /7;,, q’, g which depend linearly on the space 
derivatives of the velocities and the temperature and which ensure the mono- 
tonous increase of the entropy, is the following: 


> ca a ee, dv, : ne 
(22) = n (Get + de) Oixl, div 0,w — dixbz div Un, 
(23) p'= C, div (osw) + ¢, div v, , 
(24) q'=—9'0w + (v,ll')’— «VT, 


(in /7;, we have put in evidence a combination of the derivatives of v, which 
has a zero trace, in analogy to what is made in ordinary hydrodynamics). 
By using Onsager’s reciprocity relations one can deduce 


(25) 


Sy 
bi 

I 
wy 
~ 


All the other coefficients are independent of each other. 
By inserting (22)-(24) into (21) and performing some simple transformations, 
we obtain the following entropy equation: 


0(08) ; | “VE 
9 “| N = 
(26) 1 ler + div | osv, — 7 } = 
Mi Gown. Coy, 2 OVni\? DIS ; 
= (te an 3 Onn = + 2¢, div v, div g,w + 


+ da (div vn)? + C3 (div 0,w)? + = (VP). 


The expression at the right hand side of this equation is the dissipative 
function which determines the entropy increase. The conditions for this ex- 
pression to be positive are 


(27) CAVO bse OS SiG ea, OR 


Hence we see that the dissipative processes in helium II are characterized 
by five independent coefficients: 4, g1, 6, 63, x. The first is analogous to the 
usual viscosity coefficient of the ordinary liquids. The next three ones present 
an analogy to the «second viscosity » coefficient of the ordinary liquids. The 
last coefficient, x, is analogous to the usual coefficient of thermal conduction. 
All these quantitiest appear, e.g., in the first and second sound attenuation 
in helium II. The absorption coefficients of the first and the second sound are 
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respectively [7, 8]: 


Xo 


w? È 
LOFT 
203 


4 ve È 5 % 
mee +, +200 +0 cs) Sis “| 
(u,, u, are the first and second sound velocities, C is the heat capacity per 
1g of helium). 

We shall discuss now the hydrodynamical equations for *He-*He mixtures. 
Besides the conservation equations of the mass (2), momentum (3), entropy (4), 
and superfluid motion potentiality (5), the complete set of the hydrodynamical 
equations of a mixture must contain also an equation which expresses the 
conservation of each of the two substances separately. It can be written in 
the form: 


Age) Ldivg=0, 


28 
es) sa 


c being the mass concentration of *He in the mixture and g the density of the 
hydrodynamical flow of *He. It turns out, however, that the general con- 
ditions imposed by the conservation laws and by the Galilean relativity principle 
are insufficient for an unambiguous determination of all the quantities in these 
equations. It appears to be necessary to make certain additional assumptions 
on the properties of *He transfer in the moving liquid. The general conditions. 
mentioned above allow only to draw a definite conclusion for the liquid at the 
absolute zero temperature: it turns out that in mixtures of arbitrary con- 
centrations *He can be transferred only by the normal motion. On the other 
hand it follows from the microscopical theory of superfluidity that, for small 
impurity concentrations, *He takes part only in the normal motion at. 
all temperatures from zero up to the A-point [9]. Hence it appears natural 
to assume that *He (which, being pure, is not superfluid) takes part only in 
the normal motion at arbitrary temperatures and concentrations of the mixture. 
Thus we have the following expression for the *He flow: 


(29) g = Q0Un. 


After this assumption is made, all the other quantities can be determined 
unambiguously [4]. The equations (2), (3), (4) with the definitions of 7 
and IT, by (1) and (14)-(15) are not changed, @ being as before the Gibbs free 
energy per 1g of the liquid mixture. For the scalar function g in the equa- 
tion (5) and for the energy flow vector q in (6) the following expressions are 
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obtained: 
BO 
(30) Ces uri 
{Mi Us | (fe Ma hes 
(31) az i + 00 n mi L OSTUn + OnUa(VyW) . 


Here ms, m, stand for the masses of *He and ‘He atoms and 43, 4, are the 
chemical potentials of *He, ‘He in the mixture. The potentials 43, ju, are 
connected with the Gibbs free energy by means of 


ies e o o) 


T 
Ms mM, 


Ma > 


The equations thus formulated are formally exact in the sense that their 
derivation implies no assumptions as to the magnitude of the velocities or 
of the concentration. For small velocities, in the linear approximation, these 
equations allow us to calculate the sound velocities in dilute solutions of *He 
in *He [10] and in mixtures of arbitrary concentrations [11]. The equations 
with terms up to the second order can be used in the problem of shock waves 
which appear in the intensive sound pulses in mixtures [6]. 

The number of dissipative coefficients in mixtures is of course greater than 
in pure *He. A detailed analysis shows, that besides the five quantities 
which were discussed above there appear another two. These are analogous 
to the diffusion and thermal diffusion coefficients in ordinary solutions. They 
too participate in the sound attenuation in *He-*He mixtures [11]. 
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1. — Introduction. 


The behaviour of an electron moving in the magnetic field with an energy E 
which is much higher than its rest energy mc? has several peculiar charac- 
teristics. 

As it was pointed out in the paper by IvANENKO and POMERANCUK (aby 
the radiation of the relativistic electron at high energies becomes so intensive 
that the loss of energy may considerably affect the electron motion, e.g. in 
accelerators, for, according to the laws of classical electrodynamics, the quan- 
tity of energy radiated per time unit must increase in proportion to the 
fourth power of energy: 


(1) ara (=) 


where e is the electron charge, R is the orbit radius, cf is the electron velocity. 

Then, Arzimovr and PoMERANGUK [2] found the approximate shift of the 
spectral distribution of the radiation intensity and proved that the maximum 
of the radiation intensity does not fall on the main harmonic component, as 
in the case of the non-relativistic radiation, but on a high overtone var 


having the order: 
E \3 
Vinax “~ 9 = 
me? 
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Another peculiarity of this radiation is given by the fact that the 
electromagnetic waves are radiated mostly along the electron motion. 

The following task was put before the theoreticians: to determine more pre- 
cisely the dependence of the radiation intensity on the overtone number. 

After several papers had thrown more light upon this problem [3, 4], it was 
found out that Scnorr [5] had comparatively long ago obtained a precise for- 
mula for the spectral distribution of the radiation of the rotating electron: 


208 
(2) w, = EP apr (98) — A R9) Il Im(e)da |, 


kh 


where J,, is the Bessel function of the order 27. 

We should remind you here of the fact that ScHoTT himself has applied 
this formula to several electrodynamic problems and in particular he attempted 
to explain the spectral laws of the first atom models. 

It is quite difficult, however, to plot the diagram of the dependence of the 
radiation intensity of the relativistic electron on the harmonic number », 
for the reason that the index v appears both in the argument and in the order 
of the Bessel function. 

Then we used [6] (see also [7]) the limit formula for the Bessel function 
of a high order (xy, 7 <<): 


; V2 x V8y x\È 
ra = mali) wz (1-3) ) 


for the transformation of the following formula given by ScHorr: 


9V3 r 
(3) ONY? = == Woy ay | Koya, 
It 


y 


where: y = (2/3)r(me?/H#), and the function K is ina simple relation with the 
Hankel function: 


K,(x) = ini exp [msi /2]HM (ia). 


The formula (3) gives us the possibility to plot comparatively easily 
the diagram of the dW/dy dependence from y (i.e. practically on the over- 
tone number v as well). 

The theory of the relativistic electron radiation has been used in various 
aspects of physics. 

Thus, POMERANCUK [8] has proved that the radiation of the relativistic 
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electron in the magnetic field of the earth gives us a limit of the energy 
at which electrons from the interplanetary space can reach the earth. 

Developing the ideas of POMERANGUK, VLADIMISRKIJ [9] has studied the 
influence of the magnetic field of the earth on the Auger extensive showers. The 
theory of the radiation of the relativistic electron constituted the basis of 
his work. 

He has plotted a curve of the dependence of the radiation intensity 
on the harmonic v through the numeric integration of a more complicated 
expression, but not by means of the formula (5). 

In a way the non-thermal radiation of the galaxy appears to be nothing but 
the radiation of relativistic electrons in the galactic magnetic fields [10-12]. 

The new radiation is of a particular importance for the study of the electron 
motion in cyclic accelerators. 

One of the main results of that theory was formulated already in the first 
paper by IvANENKO and PoMERANCUK [1], which treated the problems con- 
cerned. They proved that at energies of the order 


where 7, = ¢2/me? and 7 is the time of the electron motion, this radiation 
cannot be neglected. 

This conclusion was experimentally confirmed by BLEWETT [13] who has 
shown that the orbit radius decreases by approxymately 3 cm in the betatron 
calculated for 100 MeV; and this is in good agreement with the theoretical 
calculations performed by ARzIMovié and POMERANÈUK [2] as well as by BLE- 
weErT himself. 

This radiation turns out to be strongly polarized, that is, as it was proved 
in one of our latest papers [14], 7/8 of the radiation consists of a radiation whose 
electric field vector is perpendicular to the external magnetic field, and only 
1/8 of the radiation has the vector almost parallel to that field. 

This radiation (i.e. the radiation of the so-called optical electron) was 
experimentally discovered by POLLOCK and others [15, 16]. 

The losses of energy in the betatron turned out to be very large, and so a 
new method for accelerating electrons in cyclic installations (synchrotrons) at high 
energies was introduced. That method was based upon the principle of auto- 
phasing. 

This principle was worked out first by VEKSLER [17] and by Mc MIL- 
LAN [18] with the aim of accelerating electrons in such a way that not only 
the relative mass increase should be taken into consideration, but the losses 
of energy on radiation must be compensated as well. 

Thus, the theoretical formulae for the losses of energy on radiation quickly 
found their practical application. 
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The problem of taking into account the quantum effects in the optical elec- 
tron theory has turned out to be far from being a trivial one. 

SCHWINGER [7] and VLAPIMIRSKIJ [9] considered it possible to neglect the 
quantum effects when the radiated photon energy e = #(c/R)(E/mc®} was 
smaller than the electron energy H(e< £). 

The qualitative data of these authors established the condition for a clas- 
sical approximation: 


Di 
(4) E< E, = me? eS 


The last formula testifies to the fact that the quantum corrections would 
become noticeable at the minimum energy of several 100 GeV in the 
now existing cyclic installations. 

In an earlier paper [19] on the quantum theory of the optical electron we 
quantized not only the rotatory motion (quantum number /) but the radial 
oscillation (quantum number s) as well. We have proved that in the classical 
case the radiation does not affect the amplitude of radial oscillations, i.e. the 
quantum number s. According to our calculations, based on the quantum 
theory, starting with the energies 


(5) (sE mer (PE) , 


the quantum number s should change. That has driven us to the 
conclusion that the quantum effects must to a certain extent be taken into 
account, beginning with the energies E ~ H,,,, where the energy H,,, is of the 
order of several hundred MeV. 

We did not succeed in obtaining any quantitative result in our first paper 
on the quantum theory of the optical electron. 

After that we brought more light to this problem (see [20] pp. 288, 289). 
In particular we came to the conclusion that the terms of the order E/E, 
decrease when we considerer the total radiation intensity (i.e. the radiation sum- 
med on all final values of the radial quantum number s’) and the criterium (4) 
for quantum corrections did take place in this particular case. Though we 
did not neglect the possibility that a weaker criterium (5) may appear in other 
cases. 

Then PARZEN’s [21] work was published, and again the author used 
our criterium (5). But he did not notice here that, beginning with the 
energies H ~ Z,;;; the quantum number s would change as well. PARZEN limited 
his calculations by the assumption that s = s'= è and thus obtained the 
following expression for the integral radiation intensity 


1/5 


(6) Wan = W exp [— x(2/Eyg); 
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where « is a coefficient of the order of unity. Hence PARZEN came to a wrong 
conclusion, according to which at high energies the quantum effects would 
sharply decrease the radiation intensity. But, as we had proved [20] even 
before the paper by PARZEN appeared, and as it was shown in other articles sub- 
jecting Parzen’s works to criticism [22-25], the terms of the order £/E,y disap- 
peared in the calculation of the total radiation intensity when summed on all 
final values of s’. 

After that, the problem became somewhat more difficult and some authors 
assumed (see [26]) that the criterium (5) for the appearance of certain quan- 
tum effects is not correct. 

We obtained several qualitative formulae and proved that beginning with 
the energies hardly exceeding #,,, a quantum excitation of macroscopic radial 
oscillations appears, which quickly covers the classical damping. 

These quantum radial oscillations may in a way affect also the angular 
distribution of the radiation intensity. 

It is difficult to draw a final conclusion on how strongly the quantum effects 
would influence the work of cyclic electron accelerators, until these effects 
have not been experimentally found. But in this article we treat the fun- 
damentals of the quantum theory of the optical electron which has been deve- 
loping up to now independently from experiments. 


2. — Adiabatic Invariants. 


The relativistic electron motion in the magnetic field will be described with 
the cylindrical coordinates: r = Va?+yY?, 2, 9. 

As it is known, the following relation should take place in a betatron near 
the stationary orbit (r > Ry, z~ 9): 


= 


(7) iH=MH. 


DI 


t 


and the magnetic field H, as well as its average value H, are directed along 
the axis 2. i 
Together with the condition: 


(8) div H= 0 
there is also another condition in the plane z = 0: 
(9) rot H= 0, 


which expresses the absence of sources in the orbit plane. 
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We shall satisfy the last equality admitting that 


hy B q(2— q) 2? ead ae 
(10 3H = i va) 7 rhe?’ 
(10) aio DI : ora 


where R, is the radius of the stationary orbit, and B is a constant ccefficient. 
The vector potential A is: 


(11) Ag=— WH , Aly = 30 , FA40P 


while the magnetic field in the stationary orbit plane (2 = 0) will change 
in accordance with the law: 


(12) H=-. 


Feo 


The Lagrange function and the generalized impulses are in this case: 


Jo Sx Sis CHESS 

(13) L= —me?|/1 a + ro? + 22) Pr Z 
e = IB} < 1D: 
(14) Bo = tH e, 


and the electron energy is given by: 


me? 


ye 


(15) B 


The quantum numbers are simply intreduced by quantization of the 
adiabatic invariants: 


(16) Dray == Dago Pra = 2rhs, Pre = 25k 


According to the well-known Erenfest adiabatic principle, the adiabatic 
invariants should remain unchanged in case of slow alteration of the mag- 
netic field. 

As it is evident in particular from (14) and (7), all adiabatic invariants 
must vanish (1 =s =k =0) on the stationary orbit (r= R,= const, z=0). 

Let us consider the electron motion when the adiabatic invariants do not 
vanish. In this case the electron energy is connected with the moments 
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by the equality: 


E? ? 
(17) n mc? = p> + pit Vir, 2), 
where 
y H\2 
(18) Va (= ds 5) | 
r e 2 


The radius È of the instantaneous equilibrium orbit can be obtained from the 
condition: 
OV0V 


19 —_ = _ = È 
wl?) or GE s 
Hence we obtain 


chi(2 — q) METTI 


20 e III 
oe + A(R) —@) 


The radial and axial oscillations will go on in accordance with the law: 


(21) pi = R =" sin yt , g/= b sin Wat . 
where 

nn ip ee 6) 
(22) ©, = VI q Rp? = VIR: 


Thus, the motion will be stable if 0<q< 1. 
Introducing the solution (21) into (16) and taking (14) into consideration, 
we shall obtain 


(23) pe SA 
eH(R)V1— q 
2chk 
(24 pee ee ae, 
a H(R)Vq 


It is evident from the formulae (20), (23) and (24) that together with the 
increase of the magnetic field H, when one can neglect the radiation 
(l, s, k= const), the radius R of the instantaneous equilibrium orbit will tend 
to the stationary orbit radius R,, while the amplitudes of the radial and 
axial oscillations will go down according to the law H7?. 

Even if one takes into account the radiation, then in the classical case the 
adiabatic invariants fis and Ak will remain unchanged. In this case the ra- 
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diation has only the result of decreasing the adiabatic invariant #/, i.e. the 
orbit radius. 

First of all, using the quantum theory, we should determine the radiation 
influence on the alterations of the adiabatic invariants hs, hk. 


3. — Electron Motion in a Constant and Homogeneous Magnetic Field. 

It is quite difficult to find a general solution to this problem in the 
field (10) using the quantum theory only. Therefore we shall first of all con- 
sider the case of a constant and homogeneous magnetic field, when the 
vector potential undergoes changes in accordance with the law: 


(25) A, == ay) del Hei =07 


We shall use the Dirac equation in order to solve this problem: 


(26) (E— c(a: P)— mee;)v = 0, 
where 
IP £ iL ou 
o e 


We can obtain now the solution of the Dirac equation. It runs as follows: 


ta exp [ik, xp [al 
(27) ie = a a hal?) ’ 


where u =1, 2,3, 4; L is the normalization length; Ls =l—1, 1 


== le 
2,4 , 
while for the function f,(r) we have the expression: 


il ko 
| 0.(1+E)1..,0), 
| Y ko 
JA | iC, (1 > If s(Q) , 
Da as We ) 
(28) Î12,34(1) e = 
1 + (ko/K) (v 4yn C; k. c.\I 
K 27 K i n-1 (0), 
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4 
or 
fai 


where 


An es ae, CE ete 
ra go Va Qh ’ = Fi . 
K is related with the energy by the following formula: 
(29) E = chK = chiVk + ko + 4yn. 


The function J,, has the expression: 


1 
da a ele tee) 


Here @!(0) are the generalized Laguerre polynomials: 


yee. E. si ae SUSA Doe 
Ie tini 


The coefficients 0, and C, characterize the spin state of the electron. 
We assume for the initial condition that 


Cy a=). C3 ; 


DIE 
ara aS) 


and for the final one: 


‘oP=|o;b=1. 


The principal quantum number n =/-+s assumes the values: 0, 1, 2, 3,...; 
the radial quantum number s changes from 0 to co, and the azimuth / from 
— 00 to n. 

One should notice that in the case of a constant and homogeneous magnetic 
field the motion along the axis 2 is free. 

First of all we should calculate the radiation intensity for the electron 
transition from the quantum state n, s, k,=0 (plane case) into’ another 
state n'=n—v, s'=s—v andk,. 

For that purpose we shall use the formula which is known from the theory 
of radiation: 


(32) Ween sin Ochuw, (8) aé , 
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x= K—K'=—— (! Va 2 pt sin’), 


sin? 0 


6 is the angle between the wave vector x and the axis z. We have the follow- 
ing value for the probability w(9) of the transition: 


ex 


90) = (a-ft)ar-j). 


Here a are the amplitudes of the photon field which satisfy the relation 
(SAS 1213) 


CRE 
ads = dg — —, 
x 
and the matrix element j equals: 
(33) J = | wn,say XD [i r]0wn,s,8, 12 . 


Hence we obtain the following expression for the value of the probability 
w,,,(0) (see (14) 


(34) w%,,(0) = 


C5 n n 
ieee (0) i [(Z nn a be 7) + cos? OL nn ray T= In) ae 


0 DI . v 
ui SIDE (Inn IE I 4 2 VE cos? 6: (rund ae T,=1,n'Lan') sa 


Il y : 2 5 
a 2.(1-2).[1 + cos? O)(Ze gta + 121°) + sin? 0-(Iîn + Iiuw-a)] ; 


ema viviana, 
and the function 1, n;(4) is determined by the equality (30). 

We have combined the Bessel function J,, with the function A, in order 
to obtain the classical formula for the radiation (see [6]). In this case, i.e. in 
the quantum case we should combine the function /,,, with K i as well. 

Using the method described in [20] (see $ 42), we shall obtain (see also [28]): 


(35) Inn'(® = a(t =| K, (5 (nn')*az (1-2). 
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For f=1 we have: 
1-7 = (1 — f? sin? 0). 


Hence we obtain the following formula for the radiation intensity (see [27-29]), 
taking into account the terms proportional to # and h?: 


(36) W= >| sin 0ckxw,,,:(0)49 = Wo (1 


0 


where 


Here we have taken into consideration that 


(37) > 15 Ae) =1. 


Hence it is evident that the quantum corrections would influence the total 
intensity of the optical electron radiation only within the range of energies 
comparable with #,, where: 


(38) E, = me? (5) 


(0.0) 


h 


If # >0 the last expression turns into the classical one. 

We shall now appraize the influence of spin corrections on the radiation in- 
tensity. 

With this aim in view we shall determine the magnitude w° for the correspon- 
ding spinless wave equation (see [14-30]): 


ex n DE 
(39) w}y(0) a Dai Iî,s(%) ae le I 1, )? + cos” A(T n+1,n° +In-1,m)?] . 


Then, instead of the formula (36) we shall have the expression obtained 


(*) We shall have the following expression (see (27)) for the radiation spectral in- 
tensity with the account of the terms proportional to h: 


foo} 


ee se Moots fa ) da — Cy?Ka(y)| . 
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(see [14]) for the radiation intensity: 


BBy/3 56 
(40) w= w(t ee gta =f 


Let us prove that the additional radiation is due to the spin magnetic 
moment of the Dirac electron. 
In fact, the energy of the spinless particle is 


(41) E° = ch Vie | ke L 4y(n o) 


Then, equalling the difference of the electron energy with the spin (see (29)) 
and that without it (see (41)) to the magnetic moment energy —uH, we obtain: 


me? 
4 = Mo Noi ’ 
where 
eh 
Mo prio 


while the ratio of the intensity W, of the radiation resulting from the ma- 
gnetic moment and that coming from the charged particle, W,, is of the order 


W TR Ar 
92 [poe (USS max\ gd ì 
Gn W, (E e 2 
where 
Oi JN 
43 I ~w —— — J 
cs) SES ep (=) 


Hence it is evident that, in keeping with the formulae (36) and (40), the account 
of the intrinsic magnetic moment yields the corrections only in quantum 
terms of the second order in €?, 

That is why ScHWINGER [31], calculating the spinless electron radiation 
intensity taking account only of the quantum terms of the first order, has obtai- 
ned a formula which perfectly coincides with that for the Dirac particles obtained 
by us (see [14, 29)). 

We shall now examine in the quantum case the possibility of variations of 
the adiabatic invariants fs due to the radiation. 

The time variation of is may be determined by means of the equality 


td 


(44) co =—h > v' | sin 6w,,,(0)d6 . 


0 
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We substitute in (44) the following approximate expression of w,,,, obtained 
from (34) neglecting higher powers of fh: 


(e) v y aT 
(45 wear Te 2K? (” ot) + ecos?OK2| e). 
( 9) Wy, 32 Rh 1 5 (x) È s(£ € + € COS 0x3 (7 € )j 


where 
€ = 1— f* sin? 6. 


Further on, summing over v’, we shall take into consideration the equality 
which characterizes the variation of s in one transition: 


went. ; chy? 
(46) As — Lee It .(a)=a SEE 


while the sum over v will be replaced by the integration over y. Then 
we obtain (see also [27]): 


dhs 55 eh ( E ) 


4 = 
eo dt 48V/3 mcR?\me? 


Hence it is evident that in the classical case (h > 0) the adiabatic invariant 
lis given by (32) does not change. 


4. — Study of Radial and Axial Oscillations. 


First of all we shall generalize the formula (46) obtained for a constant 
and homogeneous field which changes in keeping with the law (12). 

Together with that we shall consider the case when the amplitudes of the ra- 
dial and axial oscillations are much smaller than the orbit radius s<n, k<n. 

As it is evident from formula (20), the photon radiation with the energy 
AE = hi(e/R) will lead to the decrease of the orbit radius by the value 


ey 1 AE 
(48) di = 45 
where: 
Reo (R,) a — 
(49) n=1+b; pee o¢H (Ra)( q) 


ch(2 — q) 


On the other hand, as it follows from formula (23), the minimum change 
of the square of the radial oscillations amplitude, corresponding to As = las 


2ch 
2 == 
(50) Me = a 
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(51) (AR)? < A(a?*), , 


the radius fluctuation due to the radiation will not change the amplitude 
of radial oscillations (case of classical approximation). 
If, on the contrary, 


(52) (AE)? = Ala); , 


the radiation may strongly influence the amplitude of radial oscillations. 
With the help of (48) and (50) we find the energy at which the condition (52) 
will be satisfied: 
meR,\? 
(53) E> EB, = me? (7) è 
n 


The last inequality was obtained in [19], and in [20] the authors proved 
(see p. 290) that it conditions the possibility of quantum transitions with 
variation of the radial quantum number s. 

Taking into account the statical independence of the photonic radiation 
in the quantum range, one may prove that at high energies £ > H,,, the ra- 
dius variation AR during the emission of a single quantum of radiation will 
cause a variation in the square of the radial oscillations amplitude by 


(54) A(a?)= (AR), 
i.e. during a single emission the adiabatic invariant increases by 


dA chy? 
~ 2(1— q)*R°eH(R)' 


(55) As 


We have deduced this equality only for a constant and heterogeneous 
field: ¢ =0 (see (46)). Therefore in a general case, instead of formula (47), 
we shall have the following expression characterizing the variation per time 
unit of the adiabatic invariant fs: 


(56) 


Hence we can deduce the law of variation for the square of the amplitude of 
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radial oscillations (see [33, 34 }): 


t 
(57) Bee rca a \$ 
H 24V3 mE(1— q)? ] \me?) ER? 


0 


The first term characterizes the classical damping of the square of ampli- 
tude, inversely proportional to H (a? is the square of the oscillations am- 
plitude, H, is the magnetic field at t = 0), the second term gives the exci- 
tation of radial oscillations resulting from the quantum character of the 
radiation. 

As the classical term quickly vanishes with increasing energy, for sufficient- 
ly large energies we should draw our attention to the quantum excitation 
of the radial oscillations only. 

Recently Sanps [35] has examined the problem of the influence of quantum 
fluctuations of the radiation upon the radial phase-oscillations in the 
synchrotron, 3 

We should first of all notice that the quantum fluctuations connected with 
the radiation yield directly a variation of the radius, and thus must not de- 
pend on the frequency of the oscillations. SANDS’ theory and ours should there- 
fore differ in the method of accounting for the damping. The damping of 
the square amplitude of radial oscillations is inversely proportional to H, while 
the square amplitude of the radial-phase oscillations goes down in keeping 
with the exponential law exp [—¢/r] and the time of the damping is 


1—q E 
3— 4q Wo 


(58) t= 


In order to obtain Sanps’ formula from our formulae one should place the 
attenuation factor exp [— t/t] in the integral of the expression (57) and 
assume £ = const. 

Then, leaving aside the first classical term of the series expansion 
we find 


bs (Ar)? 55 1 ch E ) 
199) R? — 32V3 (1—q)(3— 4q) meR \me?) © 


Deducing the last formula, we have taken into consideration the fact that 
the increase of the square average fluctuation of the radius is: 


(Ar)? SUM 


In analogy to this fact it is quite easy to prove that the excitation of axial 


=I 
oO 
(0.0) 
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oscillations resulting from the quantum fluctuations will go on at energies 


R i: 
(60) E>E,= me? (* ) : 


More precise calculations, performed with the participation of TERNOV, 
yielded the following formula, which characterizes the alteration of the 
amplitude of axial oscillations: 


t 


oe ye = pallo 19 OR (Edi 
__ °H' 2473 mEq} \me2) R?° 
0 


Let us prove that the electron passes from the classical condition to the 
quantum one, when, owing to spontaneous radiation, the quantum number s 
changes at least by a unity. 

In fact, according to formulae (23) and (14), the coordinate 7 =r—R 
and the radial impulse p will be of the order: 


om ea 


If s changes by a unity, then Ax x/s, while Ap ~ (h/Ax) ~ p. 

Therefore the classical approximation cannot be used. 

Leaving aside the problem of the necessity of taking into account the quan- 
tum effects in designing the high-energy cyclic accelerators for electrons, we 
should point out the fact that in these accelerators we will have to deal 
with a sort of a « macroatom », as the amplitude of radial oscillations assumes a 
macroscopic size, while the laws of the oscillation become the quantum ones. 
There is also the possibility to observe the region of the electron transition 
from the classical condition to the quantum one. 
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ConTENTS. — Introduction. 1. Dynamically deformable form factors. 
2. Transition to point particles (A 0). 


Introduction. 


Numerous attempts have been made to introduce the extension of ele- 
mentary particles into modern theory by the aid of the so-called form fac- 
tors [1]. 

It is well known that by the introduction of these form factors, the A(a—«’) 
function changes in such a way that it is no longer zero outside the light 
cone, e.g., for (@— x) <|%— 2’ | (see [2)). 

Thus on space-like surfaces the commutability of physical quantities is 
violated, and hence the conditions necessary for the existence of any conven- 
tional type of relativistic mathematical formalism are no longer fulfilled. 

This conflict between extension and relativity is especially apparent if the 
equations are written in a consistently relativistic manner in the form of the 
Tomonaga interaction representation 


h ò DI] Zi 
È So, + Hiale)} We) = 0. 


The conditions of integrability of these equations require that the com- 
mutator [H:(4), Hy.(x')| becomes zero on space-like surfaces. 

Several attempts have been made in recent years to introduce form factors. 
nto the equation of motion in Heisenberg representation; a priori, however, 
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it should be obvious that the difficulties of the interaction representation, 
the essence of which is clear (appearance of signals with a velocity exceeding 
that of light), cannot probably disappear when any other mathematically equi- 
valent formulation is used. 

As a matter of fact, the authors who attempted to carry out this plan, 
encountered difficulties which are equivalent to those arising from an inter- 
action representation. If the problem is considered in Heisenberg repre- 
sentation, one is forced to sacrifice the Hamiltonian method [3] and to seek 
the solution in non-Hamiltonian methods, such as the S-matrix method. 

However, one gets the impression that the advantages of introducing a 
form factor by the S-matrix method are no greater than those which the 
Hamiltonian method presents [4] and that only a non-rigorous approach to 
this problem gives rise to illusions that the opposite may be true. 

The hope remained that deviations from causality might arise only in small 
non-local regions and that macroscopic causality would not be affected [5]. 
This view rests on assumptions, mostly intuitive, that one cannot accurately 
verify the existence of deviations from relativity in a small region (*) or de- 
tect «small» deviations from relativity in macroscopic effects. At any rate 
the principal point has not been proved, namely, that these restrictions are 
inherent in the mathematical formalism of the theory and they theretore 
restrict the validity of relativistic conceptions, just as the Heisenberg relation 
restricts the applicability of classical conceptions. 

Correspondingly, an attempt was made to introduce a length in the theory 
of elementary particles by applying new commutation relations such as the 
following [6] 


(1) [2,3 gl= ir,@; 
where ¢ is a scalar field and r, is a new vector; #, is the coordinate of the 
scalar field source. 

These relations were interpreted in the sense that they restrict the field 
measurement in a small region. It is natural that relations of this type give 
rise to cut-off factors, but nevertheless it has been impossible to set up a con- 
sistent mathematical formalism for the theory (+). YUKAWA has shown that 


(*) Only one example attests the opposite: in Fermi’s theory of multiple particle 
ereation for colliding particles the velocity of propagation of the interaction is impor- 
tant in a region — #/mc. This means that, in principle, problems of this type may 
be the object of experimental study. 

(+) In a particular case relation (1) turned out to be equivalent to Born’s reci- 
procity principle. Thus, from (1) one may write 


(2) [0 [0%, pl) = ep 


if it is assumed 
Xi, 74)? = 43. 
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commutation relations of this type are equivalent to the introduction of in- 
ternal degrees of freedom of the elementary particles. 

V. GinzBure and I. Tamm [7] had previously considered equations for 
elementary particle with internal degrees of freedom; it was their purpose 
to describe in this way the excited states of the nucleon. After the disco- 
very of hyperons, interest in such equations has greatly increased and there 
is a tendency to combine the problem of excited states of nucleons with the 
divergence problem. : 

The main defect of all non-local field theories proposed up to now is. 
that form factors representing the particle dimensions are described by 
functions whose form is independent of the forces acting on the particle. In 
an «absolutely rigid medium» of this sort the signal velocity would exceed 
that of light and that, of course, is incompatible with relativity. Apparently, 
it is exactly this fact that explains the failure of all previous attempts car- 
ried out in this direction. 

The following questions arise: 


1) Is it possible to construct a form factor extending over a region 
in which interactions are propagated with retardation? We shall call the 
form factors of this type «dynamically deformable » [8]. 


2) Can form factors of this type eliminate the well known difficulty 
of divergencies? 


Unfortunately, a final answer to these questions cannot be given at present, 
but a number of remarks, both optimistic and pessimistic, will be made here. 


1. — Dynamically Deformable Form Factors. 


As a graphic, although imperfect model of a dynamically deformable 
form factor, one may mention the hydrogen electron cloud. If the point inter- 
action between the atomic electron and the light quantum is taken into ac- 
count then, as result of this interaction, a deformation of the electron cloud 
will take place. The electron-photon interaction will be transmitted to the 
nucleus with retardation and the atom as a whole will receive a corresponding 
momentum increment. 

In other words, in this case the model of an elementary particle is a 
«system» consisting of two point «particles» connected by the relativistic 
interaction law. It is moreover assumed that one of the two « particles » 
interacts with the external field in a point-like manner. 

In this sense the theory becomes more local. This model gives some assur- 
ance in the possibility of a consistent relativistic tormulation of the problem 
(the hydrogen atom as a two body system exists in reality); however, the model 
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described here should not be understood too literally. It is to be remembered 
that this equation must describe one particle only. 

It is also obvious that no continuous spectrum of the internal states should 
exist and this restricts the form of the «internal potential function », as other- 
wise the self energy ot the system would diverge (example: self energy of an 
electron bound in a hydrogen atom). This condition may be considered as 
a definition of an elementary particle in the sense that disintegration into 
two particles (e.g. photoeffect) is, as a matter of principle, impossible. Inter- 
action can only lead to excitation of the internal states of the particle or to 
creation of new particles. 

It seems that there exists a mathematical formalism that is adequate to 
express the idea of a dynamically deformable form factor in its particular 
aspect. We are speaking here of equations of the Bethe-Salpeter type with 
prescribed interaction between x, and +, coordinates (L(x1; %2)), e.g. equat- 
ions of the type: 


(Dx, + gw(a;) (Dr) ple; 2) = L(c,; Ly) p(L13 Le) 


where Dr, = y,,(0/0x, ), w(a1) is an external scalar field. L(x,; x.) may be taken, 
for example, as L ~ > (0, — Cu) 

A correctly written equation of this type certainly will not contradict 
causality and relativity, but as long as the investigation of these equations 
is not yet performed, it is impossible to predict whether the divergencies will 
really be removed. 

It is necessary to remember that L(x,;,) must be of such kind that the 
density of internal states should not be too high: in any case the internal 
continuous spectrum must be absent. 

There is, however, a class of simpler equations with internal degrees of 
freedom which might be investigated at first. We are speaking about equa- 
tions of the following kind: 


0 lo 0? Ch CCI | os (IAN il j 
eS r Vu On" i Has ’ On" ; oe i Moti V(x 3% ) +gw(e DIRE ’ q')= 0. 


u be 


n HSE Ta Wr 16 E o I " Ea n Ci 
With the position: 4,= (2, +%,)/2 and r,=#,—,, we may obtain in 
particular cases the equations of the Born-Yukawa type: 


0 Ge ; 
(3) Sy On + a | Oe, dE sf £6, + Mo + goto) pd; E) = 
Ly PASSI 


Here «, is the «center of mass » coordinate of some «cloud »; the dimension- 
less Diibio E, = lA, È 1= i& will be interpreted as the ART, of a 
cloud element (r,) in the center of mass system. 
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x' is the coordinate of a cloud element relative to the origin of coordinates. 

Equations of type (3), which do not include the external field, have received 
considerable attention in the literature (YUKAWA, MINARDI, RAYSKI, GINZBURG 
and SILin, Ju. M. StroKov and others [9]). In this case, as is well known, 
a new difficulty arises: one must set up an equation with an increasing mass 
spectrum and a ground state that is not infinitely degenerate. 

An equation of this type may be suggested in the following form [10] 


02 k lo) 2__(k 2]e 
(4) {ira Lm, + «| DE, OE + EE, 49h al Ee) (kyu) | | yl =0. 
“won © ys 


In the system in which the particle is at rest (K = 0) the mass operator 
in equation (4) takes the simple form 


(5) Mo +alet Sst te ty 
with a mags spectrum 
(6) Ma n,n, = Mo + 20(n, + + Ns +N +2). 


This means that in the frame of rest we have a four dimensional oscillator in 
the literal sense of the word as the real time component (&) appears in (5) 
with the same sign as the other three components. For the sake of simplicity 
it has been assumed in equation (5) that e = 1. Another equation can be 
proposed 


ni ) i | | 0? I (k,(0/0E,))? — (Kuéu)? Zan 
(eta) {iruky T My + a 0&,, 0&,, 7 I a 


In the frame of rest, equation (7) leads to a purely spatial oscillator possessing 
the mass spectrum 


(3) Mina, = M + 2a(m + Nz -- Nz + 3) : 


For particles of integral spin an equation similar to (4) may be written in the 
form 


(9) [ht im, +a 


? (k,(0/08,))? rr» (kuéu)? dol 
ri. ” fono. 


For some points of view the following simple equation may be of interest [9] 


Mao AG GA 


the mass operator is 


n 


(11) L= ai 


arti. 
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or 


The variables in equation (10) can be separated and therefore the solution 
is of the form 


(12) wy = 9(2) x(€), 
where 


E+TE+ETE 


nonimgng — HnHnHnHn exp | — 


H,; are Hermite polynomials. 
Equation (10) yields the following mass spectrum 


(13) AG ee ee Na RACE) 
AS 
(14) Ny +N. + N3—N% = 0, 


can be realized in an infinite number of ways, the ground state is degenerate. 
In most investigations this degeneracy is removed by introducing some 
auxiliary conditions. It should be noted that, as a rule, the auxiliary conditions 
are not compatible with equation (10). 
Mathematically, the correct conditions (*) can be expressed only by the 
equations: 


(15) Ny=0, N=h,£,—h,(0/06,). 


In the coordinate system in which the particle is at rest (A = 0), the 
condition (15) becomes 
0) 
dé 


(16) (Avo. 


0 
Solution (12) satisfies condition (16) if 


OH, 
0& 


= 2 Hn, -1 = 9, 


coin 0 
Condition (15) is compatible with equation (10) 


(17) [N, L]=2N. 


(*) The condition #,é,=0 has also been proposed (e.g. RayskI, loc. cit.). However, 
generally speaking, this condition is incompatible with equation (10) as 


[WenEn> LI = 2k,(0/0$,) . 


49 — Supplemento al Nuovo Cimento. 
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This signifies that the condition of compatibility of (10) and (15) does not re- 
quire any new condition. 
In the frame of rest, the wave function y of the lowest state has the form 


2 2 2 2 
RAI Aria 06 


= 
= 
(0 0) 
_ 


1 
Zo000 = 357 EXP 


An 27? 
In an arbitrary coordinate system 

1 1 rl (Kun) 
(19) Zo000 = An exp 72 x sf a 


Equation (10) and condition (15) apparently yield all the physically permis- 
sible solutions that can be obtained from a more complicated equation recently 
proposed by YUKAWA [11]. Solutions (18) and (19) also satisfy equation (4). 
Unfortunately, due to auxiliary conditions (15), some difficulties arise when 
the external field is introduced. In this sense equations of type (4) are pre- 
ferable, although equation (10) with auxiliary conditions of type (15) may be 
(as will be demonstrated below) of certain methodological interest when trans- 
ition to a point particle (A > 0) is made. We realize that the considerations 
set forth here are almost exclusively of methodological value. Nevertheless, 
we wish to point out some peculiar features of theories containing deformable 
form factors; it appears that these features are common to a whole class of 
theories [12]. 


1) The lifetime of excited nucleons (decay time with respect to z-meson 
emission) varies in wide limits, depending on the decay energy, on the relation 
between no, 21, Ne, 3 of the respective transitions and on 4 (particle extension). 

Thus, for the first excited state (n = 1) the life-time may be of the order 
of 10-1° s if the decay energy is of ~ 40 MeV and 2~10-!° cm (A°-particle?). 
A lifetime of the same magnitude is obtained in the paper [13] if A~ 107, 
but then n = 5 (see appendix I). 


2) Naturally, direct excitation of nucleons by z-mesons is practically 
impossible in these cases; creation of a highly excited nucleon-antinucleon 
pair, however, is quite possible. It is characteristic that production of nucleon 
pairs with large excitation numbers is more probable at high energies. This 
simply means that highly excited states are very degenerate, and thus a large 
statistical factor appears in the corresponding cross-sections. 

In the particular case of the oscillator model (5), this factor equals the 
number of combinations of four positive integers the sum of which equals 
the excitation level number: n = n, + ny + ng + No. 

For 7-mesons of energy — 5 GeV nucleon pairs can be produced too, not. 
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only in the zero (p,, p,) but in the first (p,,p,), (n,, p,) State as well (*). 
Here p designates an antiparticle, 0 and 1 the respective excitation level 
numbers. - 

Ii the z-meson energy is lower (~ 1 GeV), then the two excited nucleons 
can be produced only in intermediate states: 


Co) Ta Po > Po r Pi n,. 


If one identifies the excited neutron (n,), with the A°particle, then it is 
necessary to assume that an excited antiproton, p,, and a proton in the normal 
state, po, can unite (+) to form a new particle [12, 14] 


(21) (Papa) 08; Rae DI a tp) +n,. 
SET 


After a certain time the A°- and 6°-particles should emit a -meson. The 
creation of single A° and 6°particles is excluded. 
It is obvious that in order to develop any particular hyperon theory one 
must have reliable data on the spins of the 6°, A°, At and © -particles. 
Information of this type could be of decisive importance for the theory 
as this would permit one to substantially decrease the number of possibilities. 
By considering the creation of highly excited nucleon pairs in intermediate 
states it should be possible to set up a table containing the nucleon family 
(hyperons) and excited 7-meson tamily (0°27), etc.). 
It should be noted that reaction (20) yields one other possibility, the trans- 
formation of the (p,-+n,) particle into a new single particle 7. This new 
particle should inevitably be nuclear-active in the same sense as the z-meson is 


(22) HE pap ar 1H) SP I) Sti Sr yi 


If the z,,-particle mass is sufficiently large and there are no unexpected 
restrictions, then it should disintegrate into two x-mesons; the decay time 
would be shorter than that of a 7°meson decaying into two y-rays, and the 
disintegration mechanism should also be quite similar. 

At high energies it is principally possible that in reactions similar to (22) 


(*) From this point of view the production of a (n,, p,;) pair should be four 
times more probable than the production of a (ny, Po) pair. 

(+) If understood in the literal sense of the word, combination of the particle and 
anti-particle would mean that we have here a generalization of the well known 
FeRMI-YANG hypothesis. 
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highly excited nucleon pairs and nuclear-active particles can be produced; 


for example, 
Toei =F Po ADI ss (Pn = Dn) > Po as Tonn * 


The z,,-particle has a small lifetime and can decay into two particles, e.g. 
Tenn > Teas 3 Tom ’ 


each of these particles in turn could rapidly disintegrate and a z-meson shower 
would eventually be formed. 

This peculiar mechanism of multiple particle creation may take place for 
relatively small interaction constants. 

However promising the possibilities outlined here may seem, it must be 
borne in mind that as yet no consistent theory has been developed and the 
initial equations practically have not been subjected to investigation. 

We may note, however, that in spite of the enormous number of new inter- 
mediate states over which one must now sum, the nucleon self-energy may 
be finite in some variants of the theory. 

Thus, in equation (4) it is sufficient to put e = 2. In this sense, theories 
in which n = 0 are the most favourable. 

It should also be mentioned that the many-time formalism equations (3) 
written for n particles are compatible. We have here in view the system 


© | 
| nie oD w din dED Polen) + mo + gala) p = 0. 
(23) } . . 
| (è) Ch (2) £(2) (è) a 
| Vu a oo ra — GEO dES + (gE, )+ Mo + gia )) y = 0, 


where 7 is the number of particles. The integrability condition for these equa- 
tions reduces to the usual requirement that 


(24) ola), w(a)] =0. 


Condition (24) can be satisfied because of the point-like nature of the inter- 
action introduced by us. If one were to introduce a form factor into w(x) 
or prematurely integrate over the internal variables (&), then equations (23) 
would become incompatible [9]. 

The danger exists, however, that the initial free equations, which do not 
lead to divergencies, may have an unsatisfactory 4,-function. Unfortunately, 
correct quantization of similar equations has not been carried out. It is clear, 
however, that in the general case the propagation function will not only depend 
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on x but also on the internal coordinate », i.e., A(x — 2, r, r'). Significantly, 
in solutions (12) of eq. (10) (without auxiliary condition [15]) the internal vari- 
ables (£) and center of mass variables (x, k) can be separated in any coordi- 
nate system. This apparently permits one to express the corresponding 
A-function in the form of a product 


(25) Am! (x—- x, €, &') = Am(a— x')f(&, &'), 


where Am(#—«’') is the A-function with its usual properties; m is the part- 
icle mass. 

This peculiarity of equations of type (10) is closely associated with infinite 
degeneracy (in particular of the ground state) since upon transformation the 
set of functions goes over into itself. As the degeneracy is very considerable, 
it again leads to divergencies in spite of the exponential fator in the matrix 
elements (exp [— A?k?...]). 

Any attempt to remove the infinite degeneracy of the ground state inevi- 
tably leads to the result that the «center of mass » momentum vector (4) 
appears in the internal wave function 7; in (19) we have an example of this 
state of affairs. If one constructs the respective A-functions and integrates 
over momentum space k one finds that, in contrast to (25), coordinates y and 7 
in the A-function are no longer separable and generally speaking, function 
A(a—«', r, r') no longer vanishes (*) on the space-like surface. It should be 
remembered, however, that in our method of introducing the interaction the 
«center of mass » coordinate x is no longer an observable quantity (*). 

Further development of the mathematical formalism may show that the 
property of the A-function discussed above, nevertheless, leads to formal internal 
contradictions in the theory. If this really happens, it will merely signify that 
equations of type (4) are not equivalent to the dynamically deformable form 
factor conception. 


2. — Transition to “ point,, particles (7 > 0). 


A characteristic feature of the equations under consideration, e.g., (4), (7), 
(18), is the appearance of two independent constants a and A. 
The constant 7 determines the « dimensions » of the particle or the dimen- 


(*) It is important to note that (Ale, r, r') dr dr' = A(x) where A(x) is the usual 
A-function. 

(+) In a real system consisting, say, of two particles, the position of the center of 
mass instantaneously changes when the mass of one of the particles is instantaneously 
increased (e.g. by absorption of a meson) and this, of course, is compatible with rela- 
tivity. 
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sions of the «oscillator » (18), while the constant « determines the energy 
differences between the nucleon excited levels. i 

Any decrease of the constant / will leave the mass spectrum of the equation 
unchanged. For a >0 equation (4) changes into Dirac’s equation, but for 
a 40 and an arbitrarily small A, equation (4) sharply differs from the equation 
of a point particle in the usual sense of the word. Although equation (4) has 
sense for any A, however small, one nevertehless cannot put A= 0 (*). 

When 7->0 the internal wave functions (18) acquire the properties of a 
6-function and this exactly corresponds to the physical meaning of a point 
particle. This limiting transition (A > 0) however can be carried out in the 
matrix elements. The value of this type of analysis is that the divergencies 
that subsequently emerge are by two powers smaller than those which follow 
from Dirae’s equation. 

As an example, let us first consider for 4 4 0 that part of the self energy 
of a nucleon in the ground state which corresponds to the self-energy of a 
nucleon obeying Dirac’s equation. 

Suppose transitions to other mass states do not take place. 

This is reasonable because in certain variants of the theory such transitions 
are absolutely forbidden for Z-0 (see for example matrix element M,,,. 
with A +0, Appendix I). 

The initial nucleon function and the intermediate state function have, re- 
spectively, the following form 


5 == iden > Cia | (Kn&u)? 
’ Vu = PCEXP | — 5 ea . 


2 za 
27) y= geexp|—® a 


In its initial state the nucleon is at rest (k = 0); in the intermediate state 
a momentum k ~0 is transferred to the nucleon. 

In accord with (3), interaction with the scalar field is taken in the form 
gu(e + A), which, for 2 +0, changes into the usual gw(x), pg and g' are the 
initial and final spinor functions and are completely similar to the corres- 
ponding functions of the usual Dirac equation. 

The expression for the nucleon self-energy will have the form 


2 
bi 


(28) Hy = co) fase 


where the expression in brackets is the usual Dirac theory expression and 


Susu si (Kuén)® di 
2 m? 


(29) E dsé [exp [— 4( + £°)] exp [6A(6, &)] exp - È 


(*) In some of the terms 4 appears in the denominator. 
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is determined by the internal wave functions of the initial and intermediate 
states 


(30) IE dee ee exp [— #?k?...] =-= V1 _ p2/e2- 
A Vk? + m? E 

This behaviour of integral (29) is connected with the deformation of the 
internal function of the particle which appears when the latter recoils in the 
intermediate state. The spherically symmetrical « cloud » of the initial state 
transforms into an elliptical one. The difference between integral (29) and 
unity is a measure of the degree of overlapping of the « clouds » (e.g., of func- 
tions y, and y,). In the case under consideration this peculiar feature of cloud 
deformation remains even when the limiting transition is carried out. 

These considerations seem to furnish evidence of ambiguity of the point 
particle conception. 

A better understanding of this limiting transition and of its validity can 
be obtained by analyzing the corresponding A,-functions for 7 —>0. Some 
unexpected features may arise in this case (e.g. contradiction with causality). 

In our analysis we purposely ignored electrodynamics. 

Due to smallness of the constant e?/he electrodynamic difficulties appear 
only at very high energies for which the electromagnetic field cannot be sepa- 
rated from other fields such as meson field, f -field [15], and even gravitation 
fields. In the latter case the gravitation electron radius could serve as a 
natural limiting length [16]. 

Notwithstanding its shortcomings, modern electrodynamics can explain all 
known experimental data with an accuracy that may truly be envied. 


APPENDIX I 


The matrix element for transition from state n=1 to n=0 has the form [15] 


oP YE p, A VE si ; 
ninni ts Le ae pa + Ps + Po) 
IT v Af, 2 


Pseudoscalar coupling is considered here and it is assumed that 


(a) Were 


fissile Ma =U g Mo es So SO 


p, are the momentum components of the particle. Relativistic deformation of 
the internal y-function due to recoil is not taken into account. 

From « it follows that the decay probability (lifetime) of the first excited 
state can be expressed in the form 


ge Ae : A deg a 
areata) por [— yw tat + om 
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of electron diffraction patterns. — 5. The Fourier method in electron dif- 
fraction analysis. — 6. Experimental structure studies. 


1. — Introduction. 


Along with X-ray analysis, the principal method of studying the atomic 
structure of matter, another diffraction method, the electron diffraction 
technique (as well as neutron diffraction) is becoming increasingly important. 

The early Soviet theoretical and experimental works on electron diffrac- 
tion accomplished in the late ’20ies and ’30ies by P. S. TARTAKOYSKIJ [1], 
A. A. LEBEDEV [2, 3], V. E. LASKAREV [4] and other workers have laid solid 
foundations for the further development of the new method in the Soviet 
Union. At the present time electron diffraction analysis has found a number 
of various applications. Among these are: study of the structure of molecules 
of vapours and gases, phase analysis of surface layers, study of the shape and 
mutual orientation of microcrystals of different phases, and finally electron 
diffraction structure analysis, i.e. a complete determination of new crystalline 
structures, previously unknown. 

In 1937-1938 Z. G. PINsKER [5] called attention to the possibility of using 
electron diffraction analysis for structure determinations, independent of X-ray 
analysis data. Later on, jointly with his co-workers, he carried out a number 
of studies of this kind. In 1949 he published a monograph under the title of 
Blectron diffraction [6] (subsequently translated into English), in which Soviet. 
and foreign studies on the theory and diverse uses of the method were dis- 
cussed. In addition to studies of the atomic structure of crystals, electron 
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diffraction analysis is used in the Soviet Union in the study of oxidation pro- 
cesses of surface layers and their phase analysis (P. D. Dankovy, N. A. Sr- 
SAKOV) [7-10], studies of the structure of molecules [11-13], high polymers 
[14-18], metals [10, 19-23, 62-66], etc. 

The present paper is concerned only with problems of electron diffraction 
structure analysis, mainly with the new results obtained in developing the theory 
and technique of the method, as well as with the experimental structure, 
determinations made by the author and other workers of the Electron Dif- 
fraction Laboratory of the Institute of Crystallography of the Academy of 
Sciences of the USSR. 

Prior to a discussion of this material it would be useful to review the fields 
of application and the possibilities of electron diffraction structure analysis 
as compared to the X-ray and neutron diffraction methods. The principal 
object of structure analysis, viz. to reveal the arrangement of atoms in the 
unit cell, may be, in principle, achieved by any one of the three methods. 
However, differences in the nature of the interaction between any one radia- 
tion and a given substance call forth, on the one hand, limitations of the expe- 
rimental possibilities of each method, and, on the other hand, a difference 
in the physical sense of the ultimate result, if the scope of the work is wider 
than a mere determination of the co-ordinates of atoms. 

X-rays are scattered by electron clouds of atoms; accordingly, a treatment 
of X-ray diffraction data with the aid of the Fourier synthesis shows the 
electron density distribution in which the peaks correspond to atoms. The 
scattering of neutrons takes place on atomic nuclei; it may be used to obtain 
a map of «nuclear density ». The scattering of electrons takes place on the 
electrostatic potential produced by atomic nuclei with a screening effect of 
electron clouds, due to which it is possible to obtain the potential distribution 
of the crystalline lattice, of which the peaks also correspond to atoms. The 
difference in the nature of interaction brings about a considerable difference 
in the absolute value of amplitudes of atomic scattering, as well as in the 
nature of the f-curves depending on the atomic number and on the value of 
(sin #)/A for all the three radiations. The atomic amplitudes of scattering of 
X-rays, fx, have a value of ~ 10-!! cm; those of neutrons, f, ~ 10-'? cm, and 
those of electrons, f,~10-§cm. When passing to intensities which are pro- 
portional to f?, this means that electrons interact with the substance about 
a million times as strongly as X-rays or neutrons do. Owing to this the thick- 
ness of specimens in electron diffraction work is about 1075-1075 em, and 
the exposition time when producing electron diffraction patterns is of a 
few seconds. 

It is most adequate to use electron diffraction structure analysis for the 
study of substances occurring only in a finely dispersed state and hence hardly 
lending themselves to X-ray analysis. It may be, however, generally used 
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for the study of any compound, specimens of which may be prepared as thin 
films, as well as in a number of cases when large specimens are to be inves- 
tigated by reflection diffraction. 

Suitable objects for electron diffraction are furnished by some phases, the 
X-ray analysis of which is difficult because of their poor stability (e.g. a number 
of oxides and hydrates of some compounds). An important aspect of the appli- 
cation of electron diffraction analysis is the possibility of locating light atoms 
{hydrogen atoms included) in the presence of heavy ones in crystalline lattices. 
Finally, by revealing the potential distribution within atoms and between 
them by the use of Fourier synthesis it is possible to study the problems of 
chemical bonding, ionization of atoms, their thermal movement etc. 


2. — Experimental Technique. 


In the Soviet Union various models of electron diffraction cameras have 
peen constructed [6, 24-28], some of which designed to serve some special pur- 
pose, and some of universal applicability. In the different cameras the value 
of the accelerating potential ranges from 40 to 100 kV; the specimen-screen 
distances, from 350 to 1100 mm; the dimensions of the photographic plates, 
from 4.5 cm x 6 em to 13 em x 18 cm. Moreover, the technique of using 
electron microscopes to obtain the electron diffraction has been developed. 

Fig. 1 shows the latest model of electron diffraction camera designed at 


Fig. 1. — General view of the electron diffraction camera of the Institute of Crystallo- 
graphy of the Academy of Sciences of the USSR. 
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the Institute of Crystallography, working at voltages from 50 to 100 kV. The 
horizontal design is convenient for an easy handling of all the parts of the 
apparatus. The specimen-screen distance is 700 mm; with a size of the photo- 
plates of 13 cm x 18 cm this permits to fix completely the diffraction pattern. An 
intermediate camera (2) being provided, photographs can be taken at a distance 
of 250 mm. With the aid of limiting shields it is possible to produce on a single 
13 cem x18 em plate not one but several photographs of a smaller size (e.g. when 
photographs are taken with multiple expositions). The diffraction pattern can 
be observed by several persons on the large screen of the photographic camera (1), 
supplied in addition by two more windows. The crystal holder (3) has four 
movements necessary in making structure studies: two displacements, an azi- 
muth rotation and a tilt about a horizontal axis perpendicular to the beam. 
The electron optic system comprising a double magnetic lens (4) and an electron 
gun (5) insure a high resolving power. The tungsten filament inside the focusing 
cap has three movements, the gun as a whole is also mobile, which makes it 
possible to place the beam precisely onto the axis of the apparatus. The 
vacuum adjustement is made by valves (6); the apparatus is furnished also 
with an intermediate valve (7) which serves to supply air into the photographic 
chamber and to replace the plates without disturbing the vacuum in the 
central chamber (8), where the speciment is placed, and vice-versa. 

According to the properties of the substance to be investigated, the spe- 
cimens are prepared by crystallization from solution, settling from suspensions, 
and sublimation. By varying the solvent, the temperature of drying the spe- 
cimen, etc., on the celluloid support single-crystal, mosaic films, textures, 
polycrystalline aggregates can be produced. The method of sublimation in 
vacuum onto orienting single-crystal supports is extensively used in the 
study of metals, alloys, and a number of other substances. 


3. — Geometric Theory of Electron Diffraction Patterns. 


The geometric theory of electron diffraction patterns is based on the con- 
ception of a reciprocal lattice. An electron diffraction interference image is 
a flat section of a reciprocal lattice on a LA scale (ZL specimen-screen distance, 
) wave length). According to the secondary structure of the specimen three 
types of electron diffraction patterns are produced. The first type is pre- 
sented by spot patterns from mosaic single-crystal films (Fig. 2). The second 
type comprises patterns from textures, i.e. from aggregates of small crystals 
oriented on the support with one degree of freedom (Figs. 3-6). The third type 
includes patterns from polycrystalline specimens analogous to powder diag- 
rams in X-ray work (Fig. 7). According to the nature of the substance to be 
investigated, and to the mode of preparing the specimen, patterns of one, 
two or all the three types may be produced. 


uu 
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Spot electron diffraction patterns reveal all the points of a given plane 
of the reciprocal lattice. A quantitative consideration of the factors of simul- 
taneously revealing all of these points shows that the most important of these 
is the mosaic structure of the specimen, i.e. the distribution of the crystallites 
within a small angular range, generally of the order of 29--30. Experience 


Fig. 2. — Electron diffraction pattern from a mosaic single-crystal of pentaeritritol. 
Specimen produced by crystallization at room temperature from aqueous solution. 


gained from the investigations of various inorganic and organic substances 
shows that the two-dimensional diffraction, which has been previously re- 
garded as the principal cause of the formation of spot electron diffraction 
patterns, is actually rather rarely encountered. 

From a symmetry of spot electron diffraction patterns which is bounded 


by six flat groups with an inversion centre: On Og — 4 1061 0 
C,=4 mm; Cy =6 mm [29], some direct inferences may be made as to 
the Laue symmetry of the crystal. To this purpose, in the general case no 
more than three photographs are required, corresponding to the different 
planes of the reciprocal lattice. 
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One spot electron ditfraction pattern makes it possible to directly measure 
the parameters of a given net plane of the reciprocal lattice on the basis of 
the formula Ajj. =7r(DA)-1= dj; (where r is the distance on the electron 
diffraction pattern). To determine the unit cell in the general case it is suf- 
ficient to have either two electron diffraction patterns and to know the angle 


Fig. 3. — Electron diffraction pattern from a texture of Bi,Se, (angle of tilt 65°). Spe- 
cimen produced by sublimation in vacuum. 


of the corresponding planes of the reciprocal lattice, or three patterns having 
no common row of points. Spot electron diffraction patterns from different 
zones can be in some cases produced by a few natural orientations of the 
crystals of a given substance on a support. Another, more general method 
of producing spot patterns is the rotation method. It consists of successively 
placing in a reflecting position the different planes of the reciprocal lattice by 
tilting the specimen. The mutual arrangement of these planes is determined 
by the structure of the plane perpendicular to all of these sections, which is. 
not directly revealed on the photographs. 


I 
e) 
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To calculate the periods and angles of this plane the following formula is used : 


(1) e** = (Hines +19 ar Bis — 2H3x1)/21?; cos B* = (Hio — Hio)/Aa*c* , 


net with 


J Fig. 4. — Oblique texture pattern from 
NiCl,-2H,O (angle of tilt 60°). Different 


] IG ; 
a | pri berei typesof interference lines are distinguish- 
3 ACRI ed. On the left, net of h0l-reflections; 
& 5] Pag |p-:-0 N I 
| mB. on the right, representation of the entire 


reciprocal lattice on the electron diffraction 
pattern as a perspective curvilinear 
image (weak reflexion, situated in the 
peripheral portion of the photograph, 
not reproduced). Specimen obtained from 
aqueous solution by crystallization at a 
la MEA SS drying temperature of 70 °C. 


previously proposed by the author for patterns from textures [30], where 
Anas); Hix{i1)s Hy, are the vectors of the reciprocal lattice measured on 
several electron diffraction patterns. The rotation method is convenient also 
for a subsequent determination of reflexion intensities. 


Fig. 5. — Electron diffraction pattern from a texture of diketopiperazine. Angle of 
tilt 60°. Specimen produced by crystallization from aqueous solution. 
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Fig. 6. — Electron diffraction pattern from an acicular texture of urea. 


Fig. 7. — Electron diffraction pattern of a polyerystal of CoCl-2H,0. 
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The structure analysis is considerably facilitated if a particular substance, 
being erystallized on the support, forms textures [6]. If all the crystallites are 
oriented with one principal face against the support but are distributed at 
random over the azimuth, this is a case of lamellar texture. The reciprocal 
lattice of the texture is a system of rings, since a continuous set of azimuth 
orientations is equivalent to a spot reciprocal lattice rotating about the axis 
of the texture. If the specimen is perpendicular to the beam, the photograph 
represents a system of rings; when the specimen is tilted, photographs of the 
so-called oblique texture type are produced, the reflexions of which have the 
appearance of small ares and are arranged according to definite rules. 

In order to find the cell and to index the electron diffraction patterns from 
textures, it is essential to distinguish interference lines in which the straight 
lines of the reciprocal lattice are represented. Z. G. PINSKER, who has pro- 
posed methods for calculating electron diffraction patterns from textures of 
orthogonal crystals [31], has suggested an explanation of the presence of 
ellipses and layer lines (Fig. 3). The geometric scheme in the general case is 
as follows [32]. In a reciprocal lattice of a texture the straight lines are con- 
verted into rotation surfaces, which when being intersected by a plane yield 
curves of the second order. The most characteristic interference curves are 
ellipses and, for non-rectangular lattices, hyperbolae too, the appearance of 
parabolae being also possible (Fig. 4). An important particular case is that 
of straight interference lines. If the axis of the texture is selected as the 
c* axis, the reflexions of a given ellipse have constant indices h and k, and the 
reflexions with a constant / are situated in the general case on the curvilinear 
net of hyperbolae. If the crystals are orthogonal and are arranged with 
their coordinate face parallel to the support, such nets degenerate into layer 
lines which are possible also for monoclinic crystals, if the b* axis is the axis 
of the texture (Fig. 5). If the crystal has a low symmetry, its reciprocal lattice 
as a whole is represented on an electron diffraction pattern from texture by 
a two-dimensional perspective image (see Fig. 4). 

The relation of the coordinates of points of the reciprocal lattice with the 
axes a*, b* and c* and the «*, 6*, y* angles, and of the Cartesian coordinates 
of the reflexion of electron diffraction patterns (€ and 7) is given by the 
relations: 


(2a,b) E — R?— (2 cotg¢)? ; n= 2/sing 
(2c) z = ha* cos B* + kb* cos a* + tc* 
(2d) R?=h?A?+ k?B?+ 2hkAB cosy'; 0A=a*sinf*; B= b* sina*. 


Here ¢ is the angle of tilt of the specimen to the beam [32]. These relations 
enable us to find an analytical equation of the interference lines of electron 
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diffraction patterns, in which the straight lines of the reciprocal lattice are 
represented. In the case of orthogonal textures, the period e* is determined 
by the formula [31]: 

(3) c* = Va ri Hi]! È 

If the crystals have non-rectangular cells, the periods and angles are determined 
by formulae (1) [30, 32]. 

In the case when clay minerals are investigated, if the periods a and d of 
their cells are known in advance, the period or the angles of the cell can be 
determined by measuring the heights 7 of reflexions and by making use of 
the relations (2b, c) in the form: 7 = (hp+kq-+lr)/sing [33]. The electron 
diffraction patterns of oblique textures are suitable for intensity measurements, 
since they at once reveal nearly all of the points of the reciprocal lattice. 

Along with lamellar textures, acicular textures are also used in electron 
diffraction analysis; in these latter textures the crystals are oriented with 
their edge parallel to a certain direction (Fig. 6). 

In structure determinations use may be made also of patterns from a poly- 
crystal (Fig. 7). In the case of low symmetry of the crystals it is difficult to 
make a determination of cells by means of such photographs, but in some 
cases it is possible [34]; they are sometimes found to be useful for measuring 
intensities, as well as interplanar distances [35]. 


4. — Reflexion Intensities of Electron Diffraction Patterns. 


The practice of structure analysis, an experimental study of atomic scat- 
tering and a theoretical consideration of the question of reflexion intensities 
of patterns show that in the majority of cases a satisfactory agreement with 
experimental data is secured by formulae of kinematic scattering, which are 
valid for small crystals with linear dimensions of 107° to 10-5 cm [6]. When 
electrons pass through thicker specimens, an increasingly important part is 
played by dynamic effects [36]. 

The atomic factor of electron scattering in Born’s approximation [37], for 
a spherically symmetric atom has the form: 

8a?me [ , sin sr 
=“ | TNA 


(4) I 


dire 
sr 


i.e., it is calculated from the distribution of the potential g(r) within the atom, 
just as the X-ray atomic factor f, is calculated from the distribution of the 
electronic density o(r). The validity of the Born approximation has been repeat- 
edly verified [6, 38]. A careful experimental verification of the atomic scat- 
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tering formula has been carried out by JAMZIN and PINSKER [39]. Using (4), 
as well as the well known relation 


) Satme? (Z— fx) 
5 as EE Na A 
(5) f. h2 82 3 
the author [40] has prepared tables of f,-curves for all Zs, in the region 
of small angles for light atoms the phenomenon of their intersection (« reverse 
course ») having been detected [41], which is not observed for X-ray f,-curves 
(see Fig. 8a). 


3.0 


2.0 


i 
0 Oa 02 03 0.4 05 06 07 08 
Sin, -10% 


Fig. 8. — f,-curves for light (a) and medium and heavy (0) atoms. The coefficient of 
transition to absolute values of f, is equal to 2.393-1078 em. 


The amplitude of scattering by the unit cell of a crystal is determined by 
the Fourier integral from the potential of the cell: 


(6) Di = fe exp [2ri(rH)]dv,. 
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Representing the cell potential as a superposition of the potentials of all 
atoms entering into the cell: g(r) = >} y,(r—r,), an expression is obtained for 


the structure amplitude, analogous to that in the theory of X-ray scattering: 


— 
I 
—_ 


Dix = > i exp [2ai(r;H)]. 


i 


In electron diffraction work the temperature factor may be usually neglected ; 
in certain cases, however, particularly in that of organic crystals, its influence 
is rather marked. 

Let us consider the intensity of scattering from an ideal single crystal 
which in a kinematic approximation is determined by the formula: 


Jo, la | È |2 
(8) J = =| Pua? 19/75 ig? =I 


Ù i21,9,3 SIN? sta,h,;— 


Here g is the Laue interference function, taking into consideration the shape 
and size of the crystal; A; the dimension of the crystal in the z-direction; a, the 
edge of the unit cell; h; the distance in the 
reciprocal space. To calculate the integral 
intensity /,,, of scattering from the crystal 
placed in a reflecting position, the integral 
from |g|? must be taken along the direc- 


Q 

Source tions h, and h, (Fig. 9); it is equal to 
(A,/a{):(A,/a3). For the third direction, 

Fig. 9. — Scheme for calculating h;, the alco |9 “in na: soul 

integral intensity in diffraction from be used, which is equal to A;/a;. Since 


a single crystal. the reciprocal space is represented on the 

screen on a scale of LA, when integrating, 

the multiplier (LA)? will enter into (8). Considering too that r is the distance 
of the crystal to the screen L, we shall obtain as a result: 


© 


2 
Ti ee fs 3 Vie = We 


where V= A,A,A, is the volume of the crystal, and 2 = a,a,a3 is the volume of 
the unit cell. Considering that V = SA;, where S is the area of the crystal, 
we shall see that the ratio of the scattered intensity to the initial one, referred 
to the area of the crystal, is: 


Ina 
10 ~— }2 
(10) Tan 
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It is evident that if the scattered intensity becomes eomparable in order to 
the initial one, i.e. if Ij. © JS, the basic condition of the kinematic theory 
—the weakness of secondary beams—is not satisfied. Consequently, an evaluation 
of the limit of its applicability may be obtained from the condition: 


Abell, 


D 
(11) 2/5 


where ® must be calculated in absolute units. For simple structures (e.g. cubie 
lattices of metals) giving strong reflections with unitary structure amplitudes 


® —1, the transition to dynamic scattering corresponds to a thickness of 
blocks about 100 A, which is in accordance with the figures of BLACKMAN [42]. 


However, bearing in mind that for complex struetures d is never equal to 
unity but on the average is equal to a value of 0.2 or less, we shall have that 
for most crystals the critical thickness of blocks is about 500 A, and for crystals 
from light atoms (organic), 1500 A. 

The real specimens, yielding spot electron diffraction patterns, are not 
ideal single crystals but form a mosaic. The mosaic structure may be des- 
cribed by the function of crystal distribution among the angles f(«). Then 
|g|* should be integrated also along the third direction h,, considering, in doing 
so, what a quantity of crystals is placed into the reflecting position. This is 
determined by the form of f(x). Making some assumptions as to the form 
of f(x), the following formula may be obtained: 

(12) Ii = Wal; | Dar |? ~ Lora! nie > 

where « is the effective angular distribution of the small crystals in the mosaic, 
which is usually 29--39, i.e. is about 1/20 of the radian. The conditions of 
applicability of this formula, which is in most cases suited to a calculation 
of | |? from the integral intensities J,,, of the reflexions of spot patterns, 
are not satisfied, if the distribution function is very sharp (« < 0.5°). 

To calculate the intensities of electron diffraction patterns from textures, 
one should take into consideration, first, the uniform azimuth distribution of 
crystals about the axis of the texture in an angular range of 27, and second, 
the angular distribution «' of the texture axis itself, which leads to a certain 
extension of the small arcs of the electron diffraction pattern. The integral 
intensity of a small arc is determined by the formula: 


Lih-p 


ye) tnt = W SRT ain 


Da |} (Iu/p):R', 


where #’ is the horizontal coordinate of a given reflexion on the oblique texture 


786 B, K. VAJNSTEJN 


pattern, g the angle of tilt, p a multiplicity factor for patterns from textures. 
In the majority of cases it is more convenient to measure the local intensity, 
Tj,, in the centre of the small are, for which 


y AinarUrno : A 


(14) Tina = W RCE AE 


| Dixy | 22 Darl Ana “dio Ds 


where A is the length of the small intercept to be measured in the centre of 
the small are, d,,, the interplanar distance of a given reflexion, d,,0 that of the 
corresponding reflexion from the zero layer line. The latter multiplier is the 
same for all the reflexions of a given ellipse, since h and k for them are constant. 

The local intensity of the portion of the ring having a length 4 on an 
electron diffraction pattern from a polyerystal is: 


(15) la “Ps | Da} Dial Gan P : 


Let us briefly consider the question of the measurement of the reflexion in- 
tensities of the electron diffraction patterns. At the first stage of structure ana- 
lysis satisfactory results are given by a visual evaluation on a scale of 100 [6]; 
subsequently use may be made either of microphotometry or of the method 
of multiple expositions. This method is as follows [44]. Let the darkening 
be D = log Ut); finding such pairs of reflexions taken on electron diffraction 
patterns with multiple expositions, for which D,(h,k,l,) = De(hekel,), a relation 
between their intensities will be obtained: Ty, 1, [Tngigt, =t,/t, and the relation 
between ¢, and ¢, is known. The transition from the intensities to | D |? is made 
in accordance with the type of patterns by means of formulae (12)-(15). 


5. — The Fourier Method in Electron Diffraction Analysis. 


Since the formal mathematical apparatus of the theory of scattering of 
electrons in crystals is similar to that for X-rays, in the electron diffraction ana- 
lysis, in principle, all the methods of the modern structure analysis are applicable. 
However, the physical distinction in the nature of scattering, i.e. differences 
in the potential distribution of the lattice g(r) when compared to the well 
known function of the electron density g(r), lead to several peculiarities. Rever- 
sing the Fourier integral (6) we find that the potential of the crystal 


1 E x 
(16) gr) = pa D,,, exp [— 2ari(rH)] 


can be obtained by summing up the Fourier series, the |®,,,| values being 
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obtained directly from experimental data. The peaks of the series correspond 
to atoms. The potential of the atom is composed of the potential of the posi- 
tive charge of the nucleus g, = Zefr, 
and the negative potential of electron 
shells p_ 


o(T) 


(17) pedi 


Owing to the fact that the positive 
charge is concentrated in the nuclei, and 


Fig. 10. - Comparison of the distribut- 
k È ee ion of the electron density o(xyz) and 
le. p is everywhere positive. the potential g(xyz). Peaks of electron 
From the Thomas-Fermi statistical density are sharper, but the ratio of 
theory it follows that the potential g peak heights of is less than for 
represents a less sharp function than o-peaks. 
the electron density 0: (p~o', see Fig. 10). 
As a result of this a more rapid decrease of scattering of electrons with inc- 
reasing sin@/A is obtained as compared to X-ray scattering (Fig. 11), and 
the number of terms in the Fourier series of the potential is generally found 
to be two to four times less than in 
the electron density series. The conver- 
gence of the Fourier series of the potential 
is better, but the function obtained 
is less sharp. An essential advantage, 
however, is presented by its lesser sen- 
as compared to the function 


the negative charge is diffuse, gi >@-, 


sitivity 
0 05 Sind, 10 giving the electron density—towards the 


Fig. 11. — f,- and f,-curves for Z= 32. difference in atomic numbers Z (see 

Fig. 10). The fraction of scattering by 
light atoms is relatively greater in the reflexion intensities of electron dif- 
fraction patterns than in the reflexions of X-ray diagrams. The fact that 
light atoms are better detected in electron diffraction work is particularly 
striking when the relative heights of atom peaks with different Z’s are com- 
pared on Fourier syntheses of the potential and of electron density. The 
height of the peak, i.e. the value of g(0) (or 0(0)) in the centre of an atom can 
be calculated through the atomic-temperature factor 


Se; 
(18) #00) = 5 [fato da, 


where f., = f,;exp [— B(sin 0/4)?] (to calculate 0(0) one should substitute f,, 
into the integral). The calculations made by the author [45] have shown that 
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the values of g(0) and g(0) are well approximated by a formula of the £Z* type. 
Thus, for B=2, 0(0))= 2.15-Z27/À3; g(0) = 57-Z%79 V. The differences in 
the height of peaks in X-ray and electron diffraction work are particularly 
striking in the case of a strong difference in atomic numbers. For instance, 
the peak of the atom of lead (Z= 82) is higher than that of the oxygen atom 
(Z=8) on the Fourier synthesis of the electron density nearly 20 times, and on 
the Fourier synthesis of the potential, only 6 times (with Z,,/Z, ~ 10). The cur- 
rent simplified conception that the values of 0(0) in X-ray analysis are pro- 
portional to Z, is far from being exact. It should be noted too that in the case 
of projections the values of «x in X-ray analysis are nearer to 1 (x & 1.2), and 
in electron diffraction analysis for projections, « ~ 0.7. In both cases an 
increase of B markedly reduces k, and less strongly, « Thus, for B = 4, 
(0) = 36-Z°?5 V. The slight dependence of the heights of peaks on the 
atomic number enables a good determination of hydrogen atoms to be made 
by means of electron scattering analysis. In X-ray work, for a carbon atom 
0(0), = 7--10/À, and for a hydrogen atom g(0), = 0.6—0.8/A*; i.e. oy/0c © 
1/13, which gives the possibility to determine hydrogen only with a rather 
low precision in the most careful studies. In the electron diffraction work, 
g(0), = 140-160 V, g(0),=30--35 V, ie. p/p, © 1/4.5, which reliably re- 
veals the hydrogen atom. 

We shall dwell now on the accuracy of determination of the atom coordinates 
in the electron diffraction analysis. The general formula 


dAg / 0°; 
c rit a os 
cy) da On | 02,0) 


in which Ap arises as a consequence of the approximation used and of the errors 
in the determination of the experimental amplitude | @,,,|, might be conveniently 
transformed by introducing formulae of the kZ* type for the numerator and 
denominator, just as it has been done for the peak heights g(0). Then, for 
instance, for the case where B = 4, the error of the three-dimensional series 
may be calculated by the formula 


(20) Ax; = 0.093(b/V Q) VS 248/728 (in A). 


7 
a 


The sum under the radical is taken over all the atoms of the unit cell, b is the 
average error in determining the amplitudes, which can be found by calculating 
the reliability factor 


Da Cara 
je = obs cale wb. 
>| Pas! 


The position of the heaviest atoms with an average accuracy of the experiment 
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(b + 0.2) is determined by three-dimensional series with a precision of 
0.01--0.02 A. A comparison with X-ray analysis shows that, e.g. in a structure 
composed of three kinds of atoms, the heavy ones are determined by electron 
diffraction analysis less precisely, the medium atoms about as accurately, and 
the light ones, more precisely than by X-ray analysis. 

In electron diffraction analysis various methods are used for reducing to 
the absolute scale the relative values of amplitudes obtained from experiment, 
these methods being analogous to those used in X-ray work [46-48]. The 
three-dimensional Fourier series of potential can be calculated in volts (see 
Fig. 17), the two-dimensional ones (projections), in volt-A [49]. 

During the first stage of the analysis of structures by the electron-diffraction 
method, the @?-Patterson series are widely used [50]. Direct methods for de- 
termining the structure from vector maps [51-54] have been also successfully 
used in electron diffraction work [55, 56]. In simple cases a preliminary ana- 
lysis of the structure is carried out on the basis of geometrical and crystal- 
chemical considerations and by the trial-and-error method. The Fourier 
method is subsequently used; it permits not only to establish the atomic co- 
ordinates but sometimes also to make conclusions as to their thermal move- 
ment, ionization, etc., on the basis of an analysis of the height and shape of 
peaks. 


6. — Experimental Structure Studies. 


The general course of structure studies in electron diffraction analysis is 
about the same as in X-ray analysis, its principal stages being: determination 
of cell and indexing of electron diffraction patterns, measurement of intensities, 
finding of a preliminary model of the structure and further on, a more precise 
determination of atom coordinates. 

In the Soviet Union, electron diffraction has been used to solve structural 
problems since the early ’30ies by V. E. LASKAREV and I. D. UsySKIN [4]. 
In the early ’40ies Z. G. PINSKER, using the trial-and-error method, found 
new polymorph modifications of cadmium halides and investigated the variable 
structure in these compounds [6, 57]. Since that time the number of works 
on electron diffraction analysis in the USSR has been rapidly increasing. The 
application of the Fourier synthesis in electron diffraction work [58] has inc- 
reased the possibilities of the method and made possible a study of complex 
structures. 

The first cases of using the Fourier method were investigations of barium 
halides and their crystal hydrates [25, 29]. A number of inferences con- 
cerning the part played by the water molecule in crystal hydrates have been 
made on the basis of a study of monoclinic structures of the hydrates of chlo- 
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rides of transition metals: MeCl,-2H,O (Me: Mn, Co, Fe, Ni) [60], the 
crystal chemical peculiarities of which. have been found to depend largely 
on the nature of the metallic atom. From the substances listed, elec- 
tron diffraction patterns of different ty- 
pes have been produced (see, e.g., Figs. 
4, 7); cells and Fedorov (space) groups 
determined; and coordinates of all the 
atoms, determined by constructing Fou- 
rier syntheses. A common feature of all 
of these structures is the presence of 
Fig. 12. — (a) Structures of CoCl,-2H,O . chains of octahedra of MeCl,- 2H,O (see 


(also of MnCl,:2H,0; FeCl,-2H,0); and ig, 12), having common edges (Cl). The 
(b) of NiC],-2H,0. 


Cl atoms form around Me a regular 
square, while in the two other apices of 
the octahedron H,0 molecules are located. Fig. 13 represents a one-dimensional 
section of a three-dimensional potential series in the structure MnCl,-2H,O, 
determining the position of water molecules. Fig. 14 shows a projection of 
the structure of NiCl,-2H,O along chains 
of octahedra, which here are arranged in 
zig-zag fashion. This projection has been 
constructed according to reflections shown 
on the left-hand side of the net of the 
pattern shown in Fig. 4. The monoclinic 
symmetry of the isomorphic structures of 
Mn, Fe, Co (Fig. 12a) is due to the for- 
mation of hydrogen bonds between H,O 
and Cl of neighbouring chains. A structure, B= 4308 
known from X-ray analysis data and related Fig 13 (090 Recanati 
o these compounds, namely the CdCl,-2NH; dimensional series in the structure 
structure, is orthorhombic, which fact is ac- of MnCl,-2H,0 (in arbitrary units). 
counted for by the presence of a symmetrical 
rotating NH; group instead of the polar H,O molecule. The complex nature of 
the NiCl,-2H,O structure as compared to that of CoCl,-2H,O is explained by the 
more covalent nature of the bond in the octahedron. In CoCl,-2H,O the 
distance Co — Cl=2.54 A is equal to the sum of ionic radii, while in NiCl,-2H,O 
the Ni-Cl distance, = 2.43 A, is less than the sum of ionic radii. The 
position of atoms in the NiCl,-2H,O structure is described by seven parameters. 
The accuracy of determination of the coordinates of Cl in these structures 
is 0.02 A; that of H,0, 0.04 A. Electron diffraction studies have been made 
also of other complex compounds of Co and Ni, as well as of Pt [56, 61]. 
A number of new data have been obtained in the field of metal and alloy 
studies, in particular of Bi, Sb, Se, Te compounds, which are of interest to 
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the crystal-chemistry. In studying the binary systems Bi-Se and Bi — Te 
S. I. SEMILETOY [62, 63] has established in them the existence of new phases, 
previously unknown. An analysis of the electron diffraction patterns produced 
from specimens sublimated in vacuum, has 
revealed the region of homogeneity of the 
compounds Bi,Se,, Bi,Se, and BiSe. For 
each of these, the cell dimensions may slightly 
vary in accordance with the excess of some 
component or other. The application of the 
close packing method, developed by Acade- 
mician N. V. BeLOV [63], along with the 
construction of the ® and @-series, enabled 
the coordinates of all atoms to be determined. 
It is interesting to note that in the Bi- Se 
system a previously unknown compound 
Bi,Se,, with a hexagonal cell (a = 4.20--4.27 A, 
c = 40.2-- 41.0 A) has been established by | 0 = 6.97 kX 

means of only electron diffraction data. Lying Fig. 14. — Fourier projection of 
at its base is a twelve-layer rhombohedral potential of the structure of 
packing of Se, in which three quarters of the NIC onto the (101) plane (in 
octahedral holes are filled with Bi atoms. fk Sea gag tase 


: ) ; È tion octahedron about Ni is 
Fig.15 presents a section of the threedimensional distinctly revealed. Cl ions are 


c=8.82kKX 


@-series of Bi,Se, along the c-axis. not precisely located one above 

Fig. 16 represents the structure of a ternary the other, hence the maximum 

compound, T1,Sb,Se,, established by Z. G. from them is ne: SELE 
ened. 


PINSKER with the aid of the, ®?- and @-series. 
The packing of layers, consisting of Tl and Sb, 
alternates with chains of Se atoms, similar to those in the structure of ele- 
mentary selenium but somewhat more straightened, which is naturally 
accounted for by an interaction with the neighbouring layers. 

The peculiar feature of electron diffraction as a method giving the possi- 
bility to establish reliably the 
position of light atoms in the pre- 
sence of heavy ones, has been 
successfully used in the study of 
iron carbides and nitrides [65, 66]. 


Fig. 15. — One-dimensional p(00) sec- 
tion in the structure of BizSez (in: 
arbitrary units). 
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The specimens were prepared by nitration or cementation in the gaseous phase 
of single-crystal films of «-Fe, produced by sublimation in vacuum onto orienting 
crystals of NaCl. In the study of iron nitrides several phases are ob- 
tained: a cubic y'-phase of Fe,N, two hexagonal 
e-phases of Fe,;N, and two hexagonal phases of a 
Fe,N composition with an ordered and disordered 
distribution of nitrogen atoms in the octahedral 
holes. The position of nitrogen atoms in these 
structures has been found by an analysis of the 
reflexion intensities. The mechanism of the phase 
transition y’— e has been studied. Both phases are 
based on a close packing of iron atoms, in which the 
Fe — Fe distance is equal to 2.76 A, a,, being equal to 
2.76 -4/2=3.90 A; a,=2.76 4/38 =4.78 A; ¢,=4.41 A. 
In the initial stages of increase in nitrogen saturation 
the transition y +e’ proceeds by small shifts of 
Fig. 16. — Structure of atoms over distances of the order of interatomic 

TI,Sb,Se,. î distances, i.e. this transition is a non-diffusional 


one. The mutual arrangement of cubic axes and 
of the related hexagonal axes remains unchanged. Further on, the orient- 
ation of the e-phase with respect to the NaCl support is changing regularly, 
which fact is directly revealed by the arrangement of reflexions on spot dif- 
fraction patterns. The attention of workers using the diffraction electron 
method has been repeatedly attracted by iron carbides [67]. In cementing 
iron films Z. G. PINSKER and S. V. KAVERIN discovered, in addition to the 
carbide Fe,C, a new cubic carbide, previously unknown, namely Fe,C, with a= 
= 3.875 A, in which one carbon atom is surrounded by a tetrahedron of Fe atoms. 

New information has been gained in the course of electron diffraction studies 
of the processes of oxidation of iron, copper, aluminium, and some other 
metals [7-10]. 

One of the most interesting uses of the electron diffraction method is the 
location of hydrogen atoms in crystals. The possibilities of a more reliable 
and precise location of hydrogen atoms than that attainable in X-ray work, 
are in general due to the fact that light atoms are better revealed in electron 
diffraction works, as already pointed out above. The ionization of hydrogen 
atoms possible in a number of cases, i.e. the decrease in their electron density, 
still further impairs the possibilities of X-ray analysis in this field. Ionization 
is, however, favourable for electron diffraction work, since the screening effect 
of the electron shell diminishes, and the potential, and hence the scattering 
power increases. The accuracy of determination of the hydrogen atomic co- 
ordinates in X-ray work is about 0.1 A; in electron diffraction work, 0.03 A; 
in neutron diffraction work, 0.02 A. 
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In the early works on electron diffraction for determining the position of 
hydrogen atoms the trial-and-error method was used [68, 69]. The first example 
of the use of the Fourier synthesis to this purpose was the study of paraffin [70] 
carried out at the Institute of Crystallography of the Academy of Sciences 
of the USSR, followed by studies of hexamethylene-tetramine (urotropine) [71], 
diketopiperasine [72] and some other crystals. Later on, works in the same 
field have been done by Australian authors [73, 74]. 

CH, 
= 
oc / INR is interesting in that it 
HN È 


CO 

CH, 

includes hydrogen atoms, both forming hydrogen bonds and not forming any. 
The arrangement of heavy atoms of C, N, O is known from X-ray data [75]. 
From electron diffraction patterns produced from textures, the following cell 
dimensions have been found (in kX; in 
parentheses the data of COREY [75] are 
given): a = 5.230 + 0.004 (5.19,);b = 
=11.43+0.03 (11.50); c=3.963+0.003 
(3.96,); 8 =81°55' (83 +1)°. The space 
group is 03, — P2,/a. 

In structure analysis work various 
modifications of the Fourier method 
have been used; ordinary, generalized, 
and partial projections, as well as three- 
dimensional syntheses were calculated. 
In all cases hydrogen atoms were 
well revealed, both those belonging to 
the CH, group, and this referring 
to the NH group. The most distinct 
results were furnished by the three- 
dimensional synthesis of the potential, 
carried out as a set of flat sections 
parallel to the ab face (Fig. 17). 


The structure of diketopiperazine, 


The distances between atoms ina Fig. 17. - Three-dimensional Fourier 
diketopiperazine ring, all the angles of synthesis of potential of a diketopiperazine 
which differ little from 120°, are as fol- molecule. Continuous lines drawn at 
lows (in kX): CoN ase N-C,,= intervals of 15 V; dashed lines, 7.5 V; 


the first continuous line, 15 V. 


=1.40,; C-C, = 1.44; the C-O dis- 
tance is 1.22,. In the CH, group the 
C-H distances are 1.09 and 1.11; the angle of bonding is near to a tetrahedral 
one of 107°. The H,, atom, realizing the hydrogen bond between the N 
and O of neighbouring molecules, is covalently bound with nitrogen and 
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is 0.98 kX distant from it. The hydrogen bond N-H... O slightly deviates 
from rectilinearity; its length is 2.84 kX. The error of determination of the 
coordinates is Aa... = 0.008 kX and Ar, = 0.03 kX. The coefficient 
R = >||®,,.|—-| Perel] /|P..| has a value of 20 per cent. 

The elongated shape of the atomic peaks of H on the syntheses (see Fig. 17) 
suggests a different character of their thermal movement in the CH, group 
(oscillations of H about C as a centre) 
Sao and in the NH group (oscillations along 
4 the bond). The potential values in 
the peaks for atoms of ©, N, O are 
150+160 Vi; for H;33 V; H,, 32 V; Hy 
è 36 V. An increase of the H,, potential 
corresponds to the ionization of this 
atom, which, probably, is in general 
characteristic of the hydrogen bond and 

vk ay explains some of its properties. 
The oscillation of hydrogen atoms 


about a central atom, previously noted 
in the structure of paraffin [70], has 


Fig. 18. — Portion of a two-dimensional 
y(waz) section (along the (110) plane) 
of a three-dimensional series of the 


NH,C1 structure, showing the shape of been observed also for the NH, group 
the peak of the H atom potential (the in the structure of NH,CI studied by 
HUA ALES SOS Lo a the Fourier method by the author and 


located at the origin of coordinates). M. M. Srasova. Fig. 18 represents a 


portion of the flat section of a differen- 
tiated three-dimensional synthesis, from which the N atom, which had been 
at the 000 point, was removed. The shape of the remaining H atom suggests 
that the oscillations perpendicular to the bond have a greater amplitude than 
the oscillations along the bond. (An analogous deduction has been made from a, 
neutron diffraction study of NH,Cl [76]). The N-H distance is equal to 
(0.98 + 0.04) kX. 

The examples cited, as well as a number of electron diffraction works, 
which will not be dwelt upon here, for instance such as the studies of clay 
minerals [77-80], amorphous substances [81, 82] and many others, illustrate 
the contributions of Soviet scientists in this field. At present it is quite feasible 
to undertake electron diffraction studies of complex structures with a large 
number of atoms in the cell. 

The versatility of problems that may be solved with the aid of electron 
diffraction structure analysis opens further possibilities for the development. 
of this important method for studying the structure of matter. 
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